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Let G be a simple connected undirected graph with n vertices
and m edges, the vertex to edge version of M-polynomial is a
graph polynomial based on the comparison between vertices and
edges of the graph G. We denote the vertex to edge version of
M-polynomial by MYZ-Polynomial and defined by:

MY(G,x,y) =YY", Z?gg"") x4 ydc(e) where dg(v;) are
degrees of vertices v; and d (e;) are degrees of edges e; which
are defined to be the number of neighbors of e;. In this paper, the

MZ-polynomial and two new proposed vertex-edge version of
topological indices, namely vertex-edge versions of geometric
arithmetic GAp, and Nirmala N/ indices have been calculated
for selecting graphs.

1. Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(G) having n vertices

and m edges. Let € denote the set of all graphs and R[x1, x2,

in the variables xi, x2, ..

., Xp. A graph polynomial P(G, xi, x2, ..

..., Xn] be the ring of polynomials

., Xn) is a function from &£

to R[x1, x2, ...xs] [1]. A large number of graph polynomials have been introduced in the

literature, several of which have found applications in the field of mathematical chemistry. For

example, the well-known distance-based polynomial is Hosoya polynomial [2], M-polynomial

and CoM-polynomial [3-5].
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The defined polynomials are based on different categories; we see Hosoya polynomial based
on distance between vertices while the M-polynomial [3] based on degree of vertices. one of
the significant of graph polynomials is to obtain some topological indices from them, as the
Wiener index is the first derivative of Hosoya polynomial at x = 1 [6], while almost all degree
based topological indices can be obtained from the M-polynomial [7-10]. M-polynomial can
be count as an important graph polynomial in graph theory, due to its significant this concept
has been extended to define new polynomials. The CoM-polynomial, for example, is considered
for non-adjacent vertices, that yields degree-based topological coindices [11]; the
Neighborhood M-polynomial which considered as a neighborhood degree-based polynomial
[12]; and the M,,.-polynomial which based on vertex-edge degree of vertices of the graph [13].

The main goal of this paper is to establish a new version of M-polynomial with derivation
of two new vertex-edge comparison topological indices from the proposed polynomial.

Additionally, all results obtained for certain graphs.

2. MZ-polynomial and ve-topological index

2.1. Definition Let G be a simple graph with n vertices and m edges the vertex to edge
version of the M-polynomial is a graph polynomial based on the comparison between vertices
and edges of the graph G. We denote the vertex to edge version of M-polynomial by M, -
Polynomial and defined by:

n de(vy)
MEGxy) =) Y xlodydele) (1)
i=1 j=1

where d; (v) is the degree of the vertex v and d; (e) is the degree of the edge e which is defined
to be the number of neighbors of e, that is if e = vw, then d;(e) = |[N(v) U N(w)| — 2.

Unlike the classical M-polynomial, which is defined through adjacency of vertices and thus
encodes only information about direct vertex connections, the M¢-Polynomial incorporates the
incidence structure between vertices and edges. This polynomial is needed because it provides
a compact algebraic tool that simultaneously encodes information about both vertices and edges
of a graph. This dual perspective allows us to capture structural properties that cannot be fully
described by M-polynomial and others such as CoM-polynomial, NM-polynomial and M,,,-

polynomial.
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We can bring a simple graph such as complete graph K, and apply Definition 2.1 to find
M7 (K4, x,y) as follows: First, we see K, has 4 vertices with degree 3 and 6 edges with degree
4. so ME(Kyx,y) = Ty Tiy xfa®lydale) = gt 33 23yt = axd(yt +yt+
y*H) = 12x3y*%.

A vertex-edge topological index (resp. ve-topological index) of a given graph G = (V,E) is a

graph invariant of the form
@) =) f(dg(®),dg(e)) @
ve

where 17 (G) stands for general form of ve-topological index, ve indicates the vertex v and
edge e are incident in G and the function f gives the formula of the index.

If the general form of degree-based topological indices is given by

16)= ) f(de()dsw) 3

VWEE(G)

[3], then Equation 2 represents it's corresponding vertex-edge version.

The vertex-edge version of two well-known topological indices, namely Geometric
Arithmetic (GA) [14], and Nirmala [4,15] with their computation formulas will be presented
in the following table:

Table 1: Some ve-topological indices with their formula of computing from M¢ (G, x, y)

ve — indices flds(v),dg(e)) derivation from MZ (G, x,y)

2\ dg(v)dg(e) X

ve — GAindex | GAY(G) = Y0  NOETRD 28,JD2D2[MZ(G, %, ¥)]x=1

ve — nirmala
index

NZ(G) = ey de(v) + dg(e) <D3]> [ME (G, x, )]

x=1
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Where GAL(G), N2 (G) refer to the ve-versions of geometric arithmetic and nirmala indices of
the graph G. Also used operators are defined as [3,4,7,10]:

Sy = [ 2CID gy J(ME(G,x,y)) = ME(G, x, %), D2 (M2 (G, x,)) =

0 z

’x a(MeéGx'x'y)) Mg(G, x, y),

o(MZ(G,x,
DY (M2 (G, x,y)) = /y%\/M;’(G,x,y).

Topological indices are essential as they provide simple numerical values that describe the
structure of molecules or networks. Without the need for complex experiments, these values
help scientists in predicting the physical, chemical, and biological characteristics of
compounds. They are effective tools for connecting structure and function together in a variety
of domains, including network analysis, materials science, and drug design [4,9,10]. The
friendship graph F,, also known as the Dutch windmill graph, is formed by joining n triangles
at a common vertex and has applications in social network analysis and Ramsey theory [16].
The sun graph is a cycle with additional pendant vertices, useful in modeling symmetric but
extended structures [17]. Likewise, the helm graph and its generalization-the generalized helm
graph-arise by attaching pendant edges to the vertices of a cycle, and they possess notable
applications in chemical graph theory and communication topology [16,18]. The shell graph
[19]. A shell graph and a path P, graph are combined to create an ice-cream graph, where n >
3 share a common end point known as the apex vertex v, and v,,_; remain the same. It is

denoted by I,, and models a cone-like structure built on a central hub with layered cycles [20].

The main objective of this work is to derive the Mg -polynomial for each considered graphs.
The practical relevance of this objective lies in the fact that this polynomial can be seen as a
generating function from which a wide range of ve-topological indices can be directly
computed. In the sections that follow, we present new results related to M -polynomials with
some of ve-indices for the above-mentioned special graphs. These results not only extend
earlier studies but also point to structural patterns that may direct future theoretical

developments and applications.
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3. M7-polynomial of Certain graphs

3.1 Theorem Let S, be the Shell graph, for all n > 4 then M?-polynomial of $,, is

MY (S x,y) = )" H(n—3)y + 2] + 2x2y° [yt + 1] + ()3 [(n = 3)y" B +2(n -4y +2] (4

(%
€n . €1

€2

U3

€3

€5 €4

Vs

Figure 1: Shell Graph §,,

Proof:

We see that, the shell graph has 7 vertices and 2n-3 edges with dg (v;) =n—1,dg (v,) =

ds (va) = 2 and dg (v3) = dg (vy) =...= dg (vp-1) =3. Also, dg (e1) = dg (e,) =n—
1, dfn(ez) = dS‘n(en—l) =n,, dgn(e3) = dgn(e4) == dﬁn(@n—z) =4 and dﬁn(enﬂ) =
ds (eny2) =...= dg (e3n-3) = n. Using the above information and apply Definition 2.1 give

the following result,

n 95,00
i=1 j=1

= xRy (n=3)y" ] + 232 + YD) + 2207 + v + ™) + (n - 5)x[2y* + ¥
= ()" -3y + 2]+ 227 [y + 1]+ () [(n - 3)y" T + 2(n — Dy + 2]
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3.2 Theorem Let I,, be the Ice-cream graph, for all n > 4 then M -polynomial of I, is

MYy, x,y) = (n—Dx"y" + x*[(n — Dy™ + 2(n — 2)y* + 2y°]
+ 2x2y3 (5)

Un+1

U6 e5 U5 g, V4 5

U1

Figure 2: Ice-cream Graph [,
Proof:

We see that, the Ice-cream graph has n+/ vertices and 2(n-1) edges with d; (v{) =n—
1, dln(vz) = dln(v3) == dln(vn) =3 and dln(vn+1) = 2. Also, dln(el) = dln(en+1) =
= dln(eZn—3) = dln(en) =n,, dln(ez) = dln(e3) == dln(en—l) = 4, and dln(eZn—l) =
dln(92(n—1)) = 3. Using the above information and apply Definition 2.1 give the following
result,

n+1 A, @)

Mé’(ln,x,y)=z Z 3 D1y (e))
i=1 j:l

=m—Dx" Yy + 2x3(y" + y* + y3) + (n — 3)x3(y™ + 2y*) + 2x?y3
=Mm—-Dx" Yy +x3[(n — Dy™ + 2(n — 2)y* + 2y3] + 2x2y3.

3.3 Theorem Let F, be the Friendship graph, for all n > 2 then M -polynomial of F, is

M2 (Fp, x,y) = 2n(xy)?[(xy)?@D 4 y2(=D 4 q] (6)
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Von—1

V10

€14

Figure 3: Friendship Graph F,

Proof:

We see that, the Friendship graph has 2n vertices and 3n edges with dr (v1) = dg, (v;) =
c.=dg (V3n) =2 and dy (v) =2n. Also, dg (e3i—1) =2, for all i=1,23,...,n and
dr (e3i—z) = dg, (e3;) = 2n, for all i=1,2,3,...,n. Using the above information and apply
Definition 2.1 give the following result,

2n+1 4F, (W)

Mg (Tn: X, }7) = z Z xdTn(vi)ydTn(ej)
i=1 j:l

= 2nx?"y?" + 2nx?(y? + y2")
= 2n(xy)?[(xy)2™ D + y2(=D 4 1].

3.4 Theorem Let S, be the Sun graph, for all n > 3 then M/-polynomial of §,, is

MZ(Sp, x,y) = nxy?[2(xy)* + x* + 1] (7)
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Uio

Figure 4: Sun Graph S,

Proof:

We see that, the Sun graph has 2n vertices and 2n edges with ds (v;) = ds, (vp) =...=
dgn(vn) =3 and dgn(ul) = dgn(uz) =..= dcgn(un) =1 AISO, dcgn(el) = dgn(ez) ==
ds,(en) = 4and ds, (en41) = ds, (en42) =...= ds, (€3,) = 2. Using the above information
and apply Definition 2.1 give the following result,

2n dsp (V)

MY(S,,x,y) = Z xdsn(vi)ydsn(ej)
i=1 j=1
= nx32y* + y?) + nxy?
= nxy?[2(xy)? + x? + 1].

3.5 Theorem Let #;, be the Helm graph, for all n > 3 then M/ -polynomial of #,, is

Mg (3, x,y) = nxy®[(ey)" ™ + 1%y + 20xy)° + 2% + 1] (8)
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[ X%WI

€11

Un,1

U1

V41 V3.1

Figure 5: Helm Graph H,

Proof:

We see that, the Helm graph has 2n+1 vertices and 3n edges with dy; (v,) = dy;, (v,) =...=
dy,(Wan) =4, dg, (vi1) = 1 for all i=1,23,...n and ds,(v) =n. Also, dy, (e)) =
dyg, (€2) =...= dy;,(en) =n+2, dyg, (ent1) = dyg, (eny2) =...= dyg, (e2,) = 6 and
dye, (ei,l) = 3, for all i=1,2,3,...,n. Using the above information and apply Definition 2.1 give
the following result,

2n+1 Gaen (Vi)

Mg (Hnl X, }I) = Z z xdﬂ‘[n(vi)ydj{n(e]')
i=1 ]:1

= nx"y"? + nx*(y"*? + 2y° + y3) + nxy3
=nxy3[(xy)" T + x3y™ 1 + 2(xy)3 + x3 + 1].

1.6 Theorem Let H, be the generalized Helm graph, for all n > 3 then M -polynomial of
H, is
MY (FH;, x, y) = n(xy)?[x"2y™ + x2y™ + 2x%2y* + (xy)? + y2 + 2(n — 2)] + nx?y
+ nxy 9)
Proof:

We see that, the generalized helm graph has n(n+1)+1 vertices and n(rn+2) edges with

dye: (V1) = dyg; (v2) =...= dyg; (V) = 4, d}[ﬁ(vi,j) = 2 forall i=1,2,3,....,n and
j=1,2,3,....n-1, d}[ﬁ(vi,n) = 1forall i=1,2,3,....n and dy;(v) = n. Also, dy:(e;) =
di;(€2) =...= dy;(en) =n+ 2, dyz(eny1) = dyg, (ns2) =...= dyg,(€20) =6,
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dy, (€i1) = 4, foralli=1,2,3,....n, dy;, (e;;) = 2, forall i=1,2,3,...,n and j=2,3,4,...,n-1, and
d}[;;(ei‘n) = 1 for all i=1,2,3,...,n.

Using the above information and apply Definition 2.1 give the following result,

n(m+1)+1 o WD)

MGG = Y Y xBaClyel)
i=1 j=1

= nx™y™2 4 nxt (Y2 + 296 + yH) + nx2(y* + y?) + 2n(n — 3)(xy)? + n(xy)?
+ nx?y + nxy

V4n U3,n

= n(xy)?[x"2y™ + x2y™ 4+ 2x%y* + (xy)? + y? + 2(n — 2)] + nx?y + nxy.

Figure 6: Generalized Helm Graph H,,

4. ve-topological indices of graphs
In this section, the discussed ve-topological indices will be calculated for the presented graphs

via Mg -polynomial, by using the given operations.
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4.1 Corollary

+
2n—1 n+1 n+3 7 5

L GAY(S,) =2 (n-3){n(n-1) +2\/2(n—1) + (n—3)\/§+4(n—4)x/§ &_I_ 2]

2. GAY(y) = 2|0 (B oD

+ 2241
n+3 7

3. GAUF) = 4n [ 41

4. GAY(S,) = 2n [— L f]

5. GAU(H,) = 2n [V"("” 420D | 26 | 15V5
2(n+1) n+6 5 28

6. GAg(g_[";) — 2 I:ﬁn(TH'Z 2vn+ + 2o 2\/— + i +n 1]
2(n+1) n+6

Proof:

1. From Theorem 3.1,

ME(Spxy) =x"" 2yt + (n = 3)y™] + 2x2(y3 + y" ) + 223 (v + yt +y™)
+(n = 5)x*[2y* + y"]

1
DZMZ( Sy x,y) = 2vn —1(xy)" * + (n = 3)Vnx""y™ + 2vn — 1xZy"?
+(n = 3)Vnx3y™ + 4(n — 4)x3y* + 2V3(xy)? + 2v/3x%y3

11
D2D M"( Swx,y)=2Mm—1D0)" 1+ (n—3)/nn— Dx"ty" +2/2(n— 1)x2 n-1
+(n = 3)V3nx3y™ + 4(n — 4)V3x3y* + 6(xy)3 + 2V6x2y

1
DZD M”( Swx,y) =2(n—1)x*™@D + (n—3)/n(n — Dx? 1 +2,/2(n — Dx™*?
+(n—3)V3n x”+3 +4(n — 4)V3x7 + 6x° + 265

11 . -3 nn—l 2(n—1

25,JDZDIMY (8, %,y) = 2 [xn-)  LZINIOZ D ooy BEO D) s

(n 3)\/3n b 4n—4V3 26
+ —x —X
n+3 7 5
11 n—3)Jnn—-1 220 -1 n—3W3n 4(n-—4)V3

25 JDIDIME( Sy, %, y) _ o[ )4 v2( ) o Hn )

M Tx Ty mel T x=1 2n—1 n+1 n+3 7
2V6
+T+2

It follows from Table 1 GA”( S ) =2 (n=3)yn(n-1) + 2/2(n—1) + (n=3)V3n + LUNE +
’ ex-n 2n-1 n+1 n+3 7

ﬁ+2].
5
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2. From Theorem 3.2, MY (I,,,x,y) = (n — Dx™ 1y" + x3[(n — D)y™ + 2(n — 2)y* +

1
2y%] + 2x%y3 DIMY (I, x,y) = (n — DVnx™ " ty™ + (n — DVnady™ + 4(n — 2)x3y* +

2V3(xy)? + 2v/3x%y?

1 1
DIDIME (I, x,y) = (n — Dyn(n — Dx"'y" + (n — DV3nx®y™ + 4(n — 2)V3x3y*
+6(xy)? + 2V6x2y3
11
JDZDZMI (L, x,y) = (n — 1)y/n(n — Dx?*' + (n — 1V3nx™*? + 4(n — 2)V3x”
+6x6 + 2/6x5

11 n—1)/nn-1 n—1)V3n 4(n —2)V3
28, JDIDIM{ (I, %, y) =2[( Z)n _(1 )xzn‘l+7( n+)3 x"+3+7( 7 ) x7

24/6
+x6 +T\/_x5]

11
L n-—1DJynn—-1) m-1v3n 4(n-2)V3 2vV6
Z2pZ v —
st]DnyMe(In'x'y)x=1—2[ mn—1 + nt3 + = + 5 +1
n—1)/nn-1 n—1)v3n 4(n—-2)V3 2v6
ItfollowsfromTablel,GAZ(In)=2( Z)n—(l )+( n+)3 + ( 7) +T+ 1]_

3. From Theorem 3.3,

Mg(j:n, X, y) = Zn(xy)z[(xy)Z(n—l) + yZ(n—l) + 1]
1

DEM};(Tn,x, y) = 2nV2n(xy)?" + 2nvV2nx2y?" + 2nV2(xy)?

1 1
DZDZMZ(Fy, x,y) = 4n*(xy)*" + 4nvnx?y®* + 4n(xy)?
1 1
JDZDIMZ(Fy, x,y) = 4n*x*™ + 4ny/nx?+D 4+ dnx*

11 2m/n
28, JDIDIMZ (Fp, x,y) = 2 [nx‘“1 + 1 x2(+D) 4 nx‘*l

11 N
28 JDZDZMY (Fy X, Y)xeq = 4n [n — 1]

It follows from Table 1, GAL(F,) = 4n [% + 1].

4. From Theorem 3.4,

MY(S,, x,y) = nxy?[2(xy)? + x? + 1]

1
DIMZ (S, x,y) = 4nx®y* + nvV2x3y? + nV2xy?
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1 1

DEDEM;’(Sn,x, y) = 4nV3x3y* + nV6x3y? + nV2xy?

11
JDZDZMZ(Sp, x,y) = 4nV3x7 + nv/6x® + nv2x?
1 l 4n\/§ n\/g n\/i
ZSx]DfD;Mg(Sn,x,y)zzl 2 X7 + : x5+szl
ZSx]DfDJ%Mg(Sn, x,y)le = Zn T +?+?‘|

It follows from Tablel, GAL(S,) = 2n [%5 + g + */32]

5. From Theorem 3.5,

MY (H,, x,y) = nxy3[(xy)* 1 + 23y 1 + 2(xy)3 + x3 + 1]

1
DIME(Hp, x,y) = nVn + 2x"y™*? + nvn + 2x*y™? + 2nV6x ™’ + nv3x*ty? + nv3xy3

1 1
DZDIME(Hy, x,y) = nyn(n + 2)x"y™? + 2nvn + 2x*y™*? + 4nV6x*y® + 2nV/3xty3
+nv/3xy3
1 1
JDZDZME(Hy, x,y) = nyn(n + 2)x*™* D + 2nvn + 2x™*€ + 4nv6x® + 2nv3x7 + nv/3x*
11 nyn(n+ 2) 2n(n + 2) 2nV/6 2nv/3
255 DeDyME (3, 3, y) = 2| = = x2OHD O 10—y
N 3 ]
X
11 [(/n(n+2) 2(n+2) 2v6 15V3
ZSX]DZDZMg(}[nI xly)le =2n ( ) + ( ) + +
Ty 2(n+1) n+6 5 28

It follows from Table 1, GAL(H,,) = 2n [“ nin+2) + 2(n+2) + 26 | 15V3
2(n+1) n+6 5 28

6. From Theorem 3.6,
MZ(Hy, x,y) = n(xy)?[x"2y™ + x2y™ + 2x%y* + (xy)* + y* + 2(n — 2)]

1
Dy MZ (Hy, x,y) = nvn + 2x™y™? + nvn + 2x*y™*? + 2nV6x4y® + 2n(xy)* +

2nx?y* + 2n(n — 2)V2(xy)? + nx?y + nxy
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11
DZDIME(Hy, x,y) = nyn(n + 2)x™y™? + 2nVn + 2x*y™*? + 4nVex*y® + 4n(xy)*

+2nV2x%y* + 4n(n — 2)(xy)? + nV2x%y + nxy
11
JDZDEMZ (Hy, x,y) = nyfn(n + 2)x*TD + 2n/n + 2x™46 + 4nV6x'0 + 4nx® + 2n\/2x°

+an(n — 2)x* + nv2x3 + nx?

1 1
> > nynmn+ 2) 2nvn + 2 2nV6 n
28, JDZDZMY (H} x,y) = 2 |2 x2(n#+D) L 7~ Zynt6 4 10, "8
x]xye(nxy') [Z(n_l_l)x n+o X 5 X 2x
nv2 nv2 n
- x6+n(n—2)x4+—3 x3+§x2]

1 1
25 DEDIME (Hy, X,y )x=1 = 210

Jnm+2) 2n+2 2V6 2v2 )
2+ | n+6 5 T3 T ]
Jnm+2) 2n+2 2V6 2v2

2+ T n+6 5 3 +n_1]'

It follows from Tablel, GAL(H;) = 2n [

1.2 Corollary

1. N($)=m—=3)[V2n—1+vn+3]+2[[2n—1D+Vn+1+n— V7 +
V6 + 5]

2. NY(I) = (n—1D[N2n—1++Vn + 3]+ 2[(n — 2)V7 + V6 + /5]

NZ(F) = 2n[2(n+ 1) + 2vn + 2]

NY(S,) = n[2V7 + V5 + V3]

NZ(H,) =n[{2(n+ 1) + Vn + 6 + 2V10 + V7 + 2]

N2(#) =n[{2(n+ 1) +Vn+ 6+ 2V10 + V6 + V3 + 3V2 + 4(n — 2)]

(O8]

w s

a

Proof:

1. From Theorem 3.1,
ME(Spx,y) = "2y 4+ (n = 3)y" ]+ 222 (3 + Yy D) + 203 (3 + yt + ™) + (n = 5)x3 [2y* + Y7

JMZ(Snx,y) = 2x207D + (n = 3)x2 L 4+ 2(n — 4)x7 + 2x™ + 2x0 + (n — 3)x™F3 + 2x5
1

D2 IME (S, x,y) = 2(n — 1)2x2 D +V2n — 1(n — 3)x?™ 1 + V72(n — 4)x7 + Vn + 12x™H!

+V62x% +Vn + 3(n — 3)x™*3 4+ V/52x°
1
DYME (S, xy)| =m-3)[V2n—1+Vn+3]+2[\2(n—1) +Vn+1+ (n—4)V7 +V6 + 5]

x=1

It follows from Table 1,
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N(S) =(m-3)[V2n—1+Vn+3]+2[{2(n— 1) +Vn+ 1+ (n — 4V7 + V6 + V5].
2. From Theorem 3.2, MY(I,x,y) = (n — Dx™ y" + 2x3(y3 + y* + y™) + (n —

D32yt + y™) + 2x%y3

IMY (I, x,y) = (n — Dx?* 1+ (n — D)x™3 + 2(n — 2)x7 + 2x° + 2x5
1
D2 IMZ (I, x,y) = (n — DV2n — 1x?* 1 + (n — 1)Vn + 3x™3 + 2(n — 2)V7x7 + 2/6x°

+24/5x5
1
D2MY (I, x,y)| = m—1D[N2n—1+Vn+ 3]+ 2[(n — 2)V7 +V6 + V5]

x=1

It follows from Table 1, NY(I,,)) = (n — 1)[V2n — 1 +vVn + 3] + 2[(n — 2)V7 + V6 +/5].

3. From Theorem 3.3, MY (F,, x,y) = 2n(xy)?" + 2n(xy)? + 2nx?y?"

JM2(F,, x,y) = 2nx*™ + 2nx* + 2nx?(+1)
1

DZJMY(F,, x,y) = 4nnx*™ + 4nx* + 2ny/2(n + 1)x 20D
1

DMY(Fox,y)|  =2n[2(n + 1) + 2vn + 2]

x=1
It follows from Table 1, NY(%,) = 2n[{/2(n + 1) + 2v/n + 2].

4. From Theorem 3.4, MY (S, x,y) = nxy?[2(xy)? + x% + 1]

JMZ(S,, x,y) = 2nx” + nx® + nx®
1

DZJMZ(Sy, x,y) = 2nV7x7 + nv/5x5 + nv/3x3

1
DZJMY(S,,x,y)|  =n[2V7 +V5 + 3]

x=1
It follows from Table 1, N?(S,) = n[2v7 + V5 + V/3].

5. From Theorem 3.5, MY (3,,, x,y) = nxy3[(xy)™ 1 + x3y™ 1 + 2(xy)3 + x3 + 1]

JMY(H,, x,y) = nx?MFD) 4 nx™6 4 2nx10 + nx” + nx*

1
D2IME(Hy, x,¥) = ny/2(n + D2 D + nvn + 6x™6 + 2nvV10x1° + nv7x7 + 2nx*

1
DZME(Hnx,y)|  =n[2m+1) +Vn+ 6+ 2V10 + V7 + 2]

x=1
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It follows from Table 1, N2 () = n[{/2(n + 1) + Vn + 6 + 2V10 + V7 + 2].
6. From Theorem 3.6, MY (H;,x,y) = n(xy)?[x"2y™ + x2y™ + 2x%y* + (xy)? + y? +

2(n—2)] + nx%y + nxy

JME(H;, x,y) = nx?FD) 4 nx™6 4 2nx10 + nx® + nx® + 2n(n — 2)x* + nx® + nx?

1
DZIMZ (3, x,y) = ny2(n + a2 + nvn + 6x™6 + 2nv10x1° + nvV/8x® + n/6x®

+4n(n — 2)x* + nV3x3 + nv2x?
1
DHYMY(H:Lx, )| =n[2m+1)+Vn+6+2V10 +V6 + V3 +3V2 + 4(n — 2)]

x=1

It follows from Table 1, NZ(#;) =n[\/2(n+ 1) +Vn+ 6+ 2V10 +V6 + V3 +3vV2 +

4(n - 2)].

5. Conclusion:

In conclusion, this study introduced a new version of M-polynomial that was known by M} -
polynomial with some related ve-topological indices. The obtained results extend existing
results in graph theory and provide a symmetric framework for analyzing similar graph families.
Our findings highlight the structural properties of the presented special graphs and illustrate the
importance of M -polynomial in simplifying the computation of various ve-indices, especially
GAY and N/ . Despite of the limitation to specific graphs, the methodology can be generalized
to other graph structures such as chemical graphs, offering a straight way for future theoretical
development. Future research might focus on calculating the proposed graph polynomial and

indices for various graphs.
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