Applications of the Operator ,®, in g-identities
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Abstract

In this paper, we set up the general operator ,.&., and then we find some of its operator
identities that will be used to generalize some well-known g-identities, such as Cauchy
identity, Heine’s transformation formula and the g -Pfaff-Saalschiitz summation

formula. By giving special values to the parameters in the obtained identities, some new

results are achieved and/or others are recovered.
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1. Introduction

We adopt the following notations and terminology in [8]. We assume that 0 <q < 1. The
q-shifted factorial is given by

n-—1 0
@ao=1 @@= [1-ag" @Dw=]]0-ag".
k=0 k=0

and the multiple g-shifted factorials is given by
(a1, a2, o, @r; P = (A1 PDm(A2; D (Ar5 Qe

where m € Z or oo.

The basic hypergeometric series ,.¢, is defined as follows [8]:

aq, ..., Ay © (a .. k\q1ts—7
) ey ,Q)k ( )
b ) ,b g, X | = L r [ -1 k\2 ] xk’
T¢S ( 1 N q ) & (q’ bl, ., bs, q)k ( ) q

where r,s € N; a4, ..., a,, by, ..., bg € C; and none of the denominator factors evaluate to zero.
The above series is absolutely convergent forall x e C if r <s+1,for |x|<1ifr=s+1
andfor x =0 if r >s+ 1.

The g-binomial coefficient is presented as follows [8]:

CHAN

n
[k] - (q' q)k (q; Q)n—k
0, otherwise,
where n, k are nonnegative integers.

, if 0B < kB < n;

In this paper, we will repeatedly use the following equations [8]:

 (~1)%ql2) g /by

(b; )k = (ng /S); Di : 5 (1.1)
. — yd)n 1Nk —nk g k
(b; Dn—k @b O (—D*q‘2 (D (1.2)
-n. — (q; CI)n _1\k (lzc)—nk
@™ Dk @D ( 13+1q : (1.3)
ba™ Do = (" b ¢ (2 ) (/b )n B D)en - (1.4)

The Cauchy identity is given by:
(@ @n X1 = (ax; q) oo
£ (4 Dn 6 Do’

x| < 1. (1.5)
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The special case of the Cauchy identity (1.5), given by Euler, is [8]
> (-1rgle)

(@ Dn =5 e (16)

n=0

q-Chu-Vandermonde’s identities are [8]

q_n'b b; n

2¢1 (C ;q,cqn/b> =%, IC/bI < 1. (17)
q—n’b b; n

201 (c ;4 q) = % b". (1.8)

The g-Pfaff-Saalschitz sum is given by [8]

q " ab (c/a,c/b;
,¢/b; q)
3P2 (C, qi™"ab/c; q, CI) = (Cqu)n (1.9)
) ) n
The g-Gauss summation formula is given by [8]
a.b (c/ac/bid)o | c
jq.c/ab | = ———"=, |—|<1. 1.10
2$1 <c q,c/a > cc/abi D) |ab| (1.10)
Heine’s transformation formula is given by [8]
¢ ?'b 7| = (C/b; Zb; q)oo ¢ abZ/bC,b. E (1 11)
2911 G 5, —(C,Z;q)oo 2P1 z ,q,b ) .

where max{|x|, |c/b[} < 1.

The transformation formula [8, Appendix 11, equation (111.9)] is given by:

Cl,b,C (e/a,de/bc;q)oo a,d/b,d/c
3¢, d,e ;q,de/abc | = (e de/abc,0) 3¢, | d,de/bc ;q,e/a]. (1.12)

Definition 1.1 ([2], [3], [10]). The D, operator or the g-derivative is defined as follows:

p,ff (= 121D (1.13)
Theorem 1.2 ([2], [10]). For n = [0, we have
DFf@g(@) = ) [o] a**mDk{F @)Dy *{g(agh) (1.14)

k=0

Theorem 1.3 ([2], [16]). Let D, be defined as in (1.13), then
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. k.
k{(‘w’ Des @45 Do <1, (1.15)

7 ((at; @)oo (at; Q)

In 2010, Fang [5] defined the finite operator as follows:
-M
q

Definition 1.4 [5]. The g-exponential operator ,®, <_ i q, ch> is defined by:

=t w/s

-M M

q _M;

1q)0 - ;q; CDq = M(CDC])R- (116)
£ (45D

-M
Fang used the g-exponential operator ;®, <_ i q, ch> to prove the following result:

-M
q
Theorem 1.5 [5]. Let @, <_ i q, ch> be defined as in (1.16), then

g™, L, xd,

¢ d2 cd

392 cdlq :q; 2
(CdZJQ)M (dz)M b, 1 d1 q cd,
(Cdp‘J)M Cdzq

In 2010, Zhang and Yang [15] constructed the finite g-Exponential Operator
-N
2&1 [q U' Y.q, ch] with two parameters as follows:

-N
Definition 1.6 [15]. The finite q-ExponentiaI Operator ,&, [q ) Y.q, ch] is defined by

,&, [q_N ;q,cD ] Z ((q,;] (;)qn)n( cD )™ (1.18)

Zhang and Yang used the operator ,&; [q ’ Y.q, ch] to get a generalization of
q-Chu-Vandermond formula (1.8) as follows:

-N
Theorem 1.7 [15]. Let ,&, [q ) Y.q, ch] be defined as in (1.18), then

n N -n _N
Z @aDm (@7, w9k ok gmmk
@aDm @V k

m=0 k=0

» 11 qq
q W, T
(c/a;@)n W/W; Dn c ¢ ¢
=atw? (c;CI)nn W PDn 92| ag’™ wg'™ 4. (119
c v
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-N
Also, by using the operator ,&; [q U' Y.q, ch], they obtained the following result:

—N q_N'W’%
q ,w (v/w;q) _ c
2$1 (v ;4 C) = WN(UT)NN 31| wqg' ™" i (1.20)
v

In 2016, Li-Tan [9] constructed the generalized g-exponential operator 'Jl‘[ |g; cD ] with
three parameters as follows:
Definition 1.8 [9]. The generalized g-exponential operator 'Jl‘[ lq; cD ] is defined by

T["lg;cDy| = Z((;’W’Z))” D™ (1.21)

Li and Tan used the generalized g-exponential operator ’Jl“[ Wv|q; ch] to get a
generalization for g-Chu-Vandermonde sum (1.8), as follows:

Theorem 1 9 [9]. Let’ﬂ‘[ |q; cD ] be defined as in (1.21), then

(q_ ) X5 q)k k wv kl
— w o;q,t
4 (0,6 Dr q° 2$1 a,tq
(c/%; Q)n Wv Qe (@ 7/ qx/c Dk i
= x™ titk(4/.). 1.22
GO A GO D @a ey e (2D
The Cauchy polynomials B,(x,y) is defined by [7]
_ (=) —qx—q*y) - (x—q"y), if n>0;
P.(x,y) = {1’ if n=0. (1.23)
In 1983, Goulden and Jackson [7] gave the following identity:
P(xy)—z 1] —1y*q(@)ykxnt,
The generating function for Cauchy polynomlals P,(x,y) [1] is
Z Pyt = VDo 1 (1.24)
) (@ Dn (6 Qe

In 2003, Chen et al [1] introduced the bivariate Rogers-Szeg0 polynomials h,,(x,y|q) as:

hn 6, y1q) = Z 7] Pe ),

where Py (x,y) is defined as in (1.23). In 2010, Saad and Sukhi [11] gave another formula for the
bivariate Rogers-Szeg0 polynomials h,,(x,y|q) as:
n

haCeyla) = ) 1] 0s e

The generating function for the bivariate Roge_rs-Szegc'j polynomials h,,(x,y|q) is [1]
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C t" Ot D oo
h,(x,v|q) = , max{|t], |xt]} < 1. 1.25
;Z‘:o Y e (Gt @)en (1.25)

The generalized Al-Salam—Carlitz g-polynomials qb,(la'b ) (x,y) was introduced in 2020 by
Srivastava and Arjika [14] as

n
a,ar,..,a ;
¢(ab)(X,y) — Z [Z]( 1, U“2 s+1 Q)k xk yn_k,
k=0

(b1, b2, -, bs; Qi

which has the following generating function:
aq,0z, .., g1

(a,b) 1 _
Z ¢ ( J’) (q' q)n s+1¢5 (blva' "-'bs ,q,Xt>, (126)

OVt Do
where max{|xt|, [vt|} < 1.
Thae papecrlis organized as follows. In section 2, we built the general operator
D, <b11 - bsr; q, ch). We also provide some operator identities, which will be used in section
3. In section 3, we generalize some well-known g-identities, such as Cauchy identity, Heine’s

transformation formula and the g-Pfaff-Saalschitz summation formula. Then, in these
generalizations, we may assign the parameters unique values, we get several results.

2. The General Operator ,.® and its Identities

al' e ar
In this section, we establish the general operator ,®, (bl, =+, bs; q, CDq)- We also give some

identities to this operator, which will be used in the next section.

Definition 2.1 We define the generalized g-operator @ as follows:

@, (Zi s,q,cD ) Z o q)n [( 1ynqlz )]m ' (cD,)", 2.1)

(ay,ar;Pn
(b, bsﬂ)n.

Some special values may be given to the general g-operator , &, to obtain several
previously specified operators, as follows:

where W, =

* Setting r =1, s =0, a; = 0 and ¢ = b, we get on the exponential operator T (bD,)
defined by Chen and Liu [2] in 1997.

b
«If r=1,s =0 and a; = b, we get on the Cauchy operator ;®, <— i q, ch) which
was defined by Fang[4] in 2008.
@IPI‘?] This article is an open access article distributed under 25
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-M
q
«If r=1,s =0 and a; = ¢~ ™, we get on the finite operator @, (- 5 q, ch)
described by Fang[5] in 2010.

elfr=2,s=1,a4 =q N,a, =w and b; = v, we get on the finite exponential operator
-N
2&1 [q U’ Y.q, ch] with two parameters specified by Zhang and Yang[15] in 2010.

«If r = s = 0, we get on the g-exponential operator R(bDq) which is defined by Saad and
Sukhi [12] in 2013.

* Setting 7 = s + 1, we get the generalized g-operator F(ay, ..., as; by, ..., bs; cDg)
described by Fang [6] in 2014 and the homogeneous q-difference operator T(a, b, cD,)
specified by Srivastava and Arjika [14] in 2020.

clfr=2,s= 1 ,a, =u,a, = v and b; = w, we get on the generalized exponential
operator ']I‘[ |q; cD ] with three parameters constructed by Li and Tan [9] in 2016.

e Settingr=3,s=2,a,=a,a,=b,a3=c, by =d, b, =e and c = f, we get the
a,b,c
operator ¢ (d, e ;q,f Dq> with five parameters defined by Saad and Jaber [13] in 2020.

The following operator identities will be derived using g-Leibniz formula (1.14):

aq, -, Ay
Theorem 2.2 Let & (bl, ., bs;q, ch> be defined as in (2.1), then

al’...’ar
av,au, 0 av, au, oo
(Ds (bl' ...’bs;q’ CDq> {( Q) } — ( Q)

(at,aw; q)e)  (at,aw; q) e
1+s-r

AN n+k
x Z Z(:) o Wi (/t,aw; @) (u/w;q)n [(_1)n+kq( 2 )] (ew)™ (Ct)k, (2.2)

Dn (@,av; Q) (AW Qnyr

n=0 k

provided that max{|at|, |aw|} < 1.

Proof.

al; ...’ar
av,au, oo
cI)S <b1’ "':bsiq, CDq) {ﬁ}

(at,aw; @) w

, 14+s—r - (av; Q) o (AU Qo _
[( "q (2 )] c"Dy {(at; Do (aw; q)oo} (by using (2.1))

I
Ms

4 Dn

Z (qmiz)n @ e
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X kZo [Z] g** -k Dk {%} Dr-k {%} (by using (1.14))

Z Z (a; q)n [( an@]m_r c” [Z] gk

ot k(v/t i (avq"; @) (w k)n—k (w/w; On-r(@uq™; Q) o
(at; Do (@wq”; @)oo

_ (av, ay; q)ooz Z Wi W/t aw; @), (u/w; qn

~ (at,aw; Qo @G Dn (@ av; @k (A Qnrk

(by using (1.15)) (2.3)

(ew)™ (ct)k.

n+k)]1+s—r

|1

Setting u = 0 in equation (2.2), we get the following corollary:
aq, -, Ay

Corollary 2.2.1 Let & (bl, ., bs;q, ch> be defined as in (2.1), then

o (B O\ ((@i@e ) @i Worie (v/t,aw; @)y
S\ {(at,aw;q)oo}_(at.aw;q)ooz Z (@ Dn (@003 Q)
n+k\q1t+s-r

X [(—1)”+kq( 2 )]

where max{|at|, |aw|} < 1.

(ew)™ (ct)*, (2.4)

In view of symmetry of ¢t and w on the left hand side of equation (2.4), we get the following

formula:
Theorem 2.3
Watk [, isnek, ("2 ST (w/t, aw; )y, n
= CHN [( Lt 2 ] (q,av; @) (ew)" (et)”
— n+k Tl+k Tl+k) Thsor (U/W' at; Q)k n k 2 5
n.kzo (@ Dn [( R ] @aviq), W) (22)

«If r = 1,5 = 0 inequation (2.5) and then using (1.5), we get Hall’s transformation (1.12).

«If r=1,s =0 and a; = g~V in equation (2.5), then using equations (1.4) and (1.5), we get
Theorem 3.5. obtained by Fang [5] (equation (1.17)).

aq, e, Qr
Theorem 2.4 Let & (bl, ., bs;q, ch> be defined as in (2.1), then

al!"'Jar (CI.X' .
D oo (ax; @) oo
oD b,...,b ; ,CD {an—}zan—
S( ' o q) (@Y; Do (@Y; @)oo
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1+s-r

&, Jayi<1 @6
] a’ ' '

Wivj (x/y;q)i (ay;q); iy (H)
. (@0 (axqhs @), (@x; ), (SRR
Proof.

al’...,ar
ax; q)e
o, (bl,---,bs;q,wq){angay__g;}

i [( 1) ( )]1"‘5 ' i Di{ n (aX} q)OO} (b . (2 1))
= Cc a ——F usin .
£ (g; q) T T (@ 9)e Y
® W, 1+s-1
= 1 ] Ci
Z (q; 9): [( )'a
1—0
X g/’ i [;] D) amp:/ {—(axqf; Q)Oo} (by using (1.14))
=0 (T |
=§: - Wich [( 1iqls ]HS rqu—ij ["] an—jpi—j{(“xqj?q)OO}
o = (@G Di- J T (@9 D
o 00 W l+][ +]) 1+s—r o '
3y ey N L P
o (q Q)i J
(axq’;9) w0
* Dg {(ayqf Q)oo}
i " Wisy ¢ [( Di+ig2 “)]HS T[’.l] - yi{(X/Y: Q)i (axq"”:q)oo}
o= @ q)l J (@yq’; @)
(@G Qe O Wiy /v Q)i (@33 9); [( 1yi+igls +J)]”S r[] (i)
(@y; Qe =t (43 D) (axq’; q)i (ax; q); J a
Setting x = 0 in equation (2.6), we get the following corollary:
a, ...,
Corollary 2 Let ,. @ (bl, -, bs;q, ch> be defined as in (2.1), then
o Zlf”'lZT b al
ot ) gy
_ a™ o 4 " +]) 1+s—r i . e c .
‘Wz S [comqD] @) @iy [l wi<t @

3. Applications in g-ldentities

In this section, we aim to generalize some well-known g-identities such as Cauchy identity,

() D& | This article is an open access article distributed under 28
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Heine’s transformation of ,¢; series and g-Pfaff-Saalschiitz sum by using the general operator
+®, . Then, some special results are obtained from these generalizations, some new ones and
others are known.

3.1 Generalization of Cauchy Identity

Theorem 3.1 (Generalization of Cauchy identity). Let Cauchy identity be defined as in (1.5), then

@D Wirj (b/c;q): [ Gl AP
—— x 1)itgq ] xc; [] dc)' (=)’
— (4 D = (@ @i (¥b; Q)i+ =D (s )y ] ] (@6
. 1+s-r
_ @ Qe N Wiy (b/ciq); (- +,)] @ o
6D £t (@D (005 D (q,xa;q);
Proof. Multiply Cauchy identity Error! Reference source not found. by (b Ziw
z (@ D o (xb; @) _ (ax,xb; q) o 32)

0 (q' q)k (XC, Q)oo B (x' XC,; q)oo .
ay, -, a,

Applying the operator . ® (bl, -+, bs;q, qu> on both sides of (3.2), we get

[ee] al;”.)ar
a, Xb; )
(@ @) rPs <b1,---,bs;q'qu>{Xk( L }

£ (4; @ (x¢; @) o
Ay, Ar (ax, xb;
,Xb; q) oo
= rcbs <b1’..-,bs;q,qu>{W} . (33)

By using (2.4), we get
> (@ Q) e (xb; @)oo
CD b’...lb ; ,dD {xk—}
Li@ae "o\ G e
_ ok (xb.; oo Wivj (b/c;q); [(_1)i+jq(i;j)]
(¢ Qoo & (459)i (xb; q)i4j

1+s-r

o d_.
ey e

and using (2.2), we get

a1, ee, ar
ax,xb; )
o (b0l qu){@}

(%, XC; @) oo
_ (xa; @) o Wisj (b/c; )i H_] +1) Its—r (a,xc; q)] j
(X; q)oo i,j=0 (q' q)l (Xb, q)i+] [( ) ] (q'xa Q)] ( ) d (35)

Substituting (3.4) and (3.5) into (3.3) the proof completed.
 If d = 0 in equation (3.1), we obtain Cauchy identity.
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«If b = 0 and then ¢ = 0 in equation (3.1), we obtain the following formula:

> qq)kiwuk D]

k=0
e & W @ay |
(5w = (@ @)j(xa;q); [( 'a ]

Corollary 3.1.3

1+s-r

a . (3.6)

eIfr=s5s=0,a=0, x> xt and d — yt inequation (3.6), we get the generating function
for Cauchy polynomials Py (x,y) (1.26).

If r=1,s=0and a = 0 thenreplacing x, a,, d by xt, y, t respectively, in equation
(3.6), we get on the generating function for bivariate Rogers-Szeg6 polynomials hy (x,y|q)
(1.25).

Ifr=s+4+1,a=0, x> yt andthen d — xt in equation (3.6), we get the generating
function for the generalized Al-Salam—Carlitz g-polynomials ¢>,(1a’b) (x,y) (1.26).

3.2 Generalization of Heine’s Transformation of ¢, Series

Theorem 3.2 (Generalization of Heine’s transformation of ,¢; Series). Let Heine's identity be
defined as in (1.11), then

© 1+s-r

Z EZ,IZ Zi: kn (q nq+)ln [k]( ;) [( 1™*ig nﬂ)] (dbg*)"(d/z)!

k=0

_ (c/b7bi @) (@bz/b; D 1y Wi (@2 9);

(¢zq@)w £ (4,2b;q)k 44 (4:9)n (q,abz/c;q);

(n+i 1+s—r '
X [(—1)n+lq( 2 )] d™ (dabq®/c)". (3.7)
Proof. Rewrite Heine’s formula as follows.

V(@b . b oo X\ (b bz/¢;@)er

(a,b; @) d _(e/biq) B D pye L& Zk/c Deo (3.8)
1 (q,¢ Dk (2605 Qo (D0 &= (4 Dk (zbq", 2, q) o

al’...’ar
Applying the general operator & (bp"';bs;q,qu) to both sides of the equation (3.8)

gives:

[oe] a e a
a,b; Lot zk
(a,b; @) s| b1+, bs; q,dD, {T}
(q Gk | (zbq"; @) o
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(c/b; Do X (b3 D o (abz/c; Qi
= c/b)* & | by, bs;q,dD {—} . 3.9
(€ Deo £ (@ D (/D) s\ 21722530 4Da b gt 27 ), )
Using (2.7), we get
al’...,ar Zk
rq)s (bl,-.-,bs;q;qu> {m}
zk Wasi Tk (it d_.
" (#bq" Do (q:nq+)n [] ebats [(_mﬂq( i )] (@bg"" . (310)
n,i=0
and using (2.4), we get
e (abz/c; q)
by, -+, b.- —'k}
TCDS( ! i qu) {(zbqk,Z; Dk
(abz/c; q)x Woei (0752 9) (M) v dab
= |[comig2)] e @

- (zbq%,z; i &2 (¢ D (q,abz/c; q);
Substituting (3.10) and (3.11) in equation (3.9) the proof is completed .

elfr=s+1,a=0,z-yt, d— xt, c > cb andthen b = 0 in equation (3.7), we get

the generating function for the generalized Al-Salam—Carlitz g-polynomials ¢,(l“'b)(x, y)

(1.26).
«If r =1,s = 0 inequation (3.7), we get the following identity:

Corollary 3.2.4

(' ’ ) )k k yaq,2Zbq
) ,d Z
k=0 (9, ¢, a1db; @) 31| a,dbq q,dq*/

0o -k
(a1d,db,c/b, zb; Q) » (abz/c,b; Q) q 4,2
= c/b)* 3¢, | abz/c,a,d; q, dabq”/c ).
(d,a1db,¢, %o £t (0,253 Q)i (€/b)" 3¢2| abz/c,ay

3.3 Generalization of g-Pfaff-Saalschiitz Sum

Theorem 3.3 (Generalization of g-Pfaff-Saalschiitz sum). Let g-Pfaff-Saalschiitz sum be defined
as in (1.9), then

n (o]
z (@7 a,b; Q) o Wit (™% q); (g™ abq/c;q);
& (@eabg ™) L (i (@bg' )iy (4.ay;9);
o 1+s—-r o
X (—1)1'*]61”}2] (dbq/c)'(dq")’
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_(c/ac/bidn N° Wirs (c/a:9)i (@' "/c,aq/c;q),
(c.c/abi@)n & (@i (@i Qivj  (aqi™"/c;q);

1+s—r

x [(—1)i+fq(i3j)] dq/o)id) . (3.12)

Proof. Multiplaying g-Saalschitz identity (1.9) by (ay; q), We have
@bk, (ay,abq" ™ /c;q)es  b™(c/b; Q) (aq' " /C,aY; @)oo

q =
(g, ¢k (agk,abq/c; q)o ¢ Dn (a,a9/¢; @)oo
al, e, ar

Applying the general operator ,® (bl, -+, bs;q, qu> to both sides of equation (3.13) gives:

(3.13)
k=0

n _ a ,...’a _
(@™ Qwq" o (ay, abq* """ /c; @)
~ T @, bl,...,bs,q,qu -
& (9,69 (aq®, abq/c; q)w
n s
(—orgla) (e {(aql-"/c,ay: q)m}
1" & by, bs:q,dD 3.14
G " OS\T s+ % (a,a9/¢;q)w (3.14)

Using (2.2), we get

ay, -, ar 1-n+k
ay,ab C:q) oo
r¢s<b1’"'lbs;q,qu>{( y q / q) }

(aq®, abq/c; q)e
_(@,abq ™ /690 N Wirj @59 a7F, aba/c;q);
(aq*,abq/c; e £ (4@ (@b /iy (4.07:9);

i+i\q1ts—r
x|0w 2] avgseriaety (315)
aq, -, ar 1-n
(ag"™"/c,ay; Qo
r D (bl, -+, bs;q, qu>{ @aa/c 0. }
_(aq'™/c,ay; @) AN Wiv; e/ (@754);
- ZO ]Z; (q;

(@,aq/¢; @) i (ay; @)ivj (aq*™/c;q);
i (1) Its—r o
x|oel2)] iy (3.16)
Substituting (3.15) and (3.16) in equation (3.14), the proof is completed.

« If n = oo in equation (3.12), we get a generalization for g-Gauss sum (1.10) as follows:

Corollary 3.3.5 (Generalization of g-Gauss sum). Let g-Gauss sum be defined as in (1.10),

then

[0e] a’b; al'c..’ar
Z Ec—-qik (c/ab)* ¢ (bl""'bs;q,d/a>
%=0 q4,¢,q)k
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_(c/ac/b;q)w Wivi ve/q;q): (aq/c;q);
(c,c/ab; @) e A = (Ga): (@ Qivj  (@9);

1+s-r

+ l+]) . ;
x|omiet )] @aseiasey

 If b = oo in equation (3.12), we get a generalization for g-Chu-Vandermonde sum (1.7) as
follows:

Corollary 3.3.6 (Generalization to g-Chu-Vandermonde sum(1.7)). Let g-Chu-Vandermonde
sum be defined as in (1.7), then
n
—n’ a; —n+k; . —k; .
(q Qe (cq™/a)* Z Wi, (q Q) (vqa™%q);
CRE)P ) (@) (qay;9);

e ol ey
_(c/a;@)n Wiv; (ve/a;q@); (@ "/c,aq/c;q);
(G Dn Z Z (@i (ay;iv;  (g,a97/c;q);

1+s-r

x| waseray

1+s—r

i=0 i,j=0

« If b = 0 in equation (3.12), we get a generalization for g-Chu-Vandermonde sum (1.8) as
follows:

Corollary 3.3.7 (Generalization to g-Chu-Vandermonde sum (1.8)). Let g-Chu-Vandermonde
sum be defined as in (1.8), then

n -k
(@™ @Dk s O
(q C'q)k ) T+1¢S+1 bl’.”leI ay 'q’ qu

k=0
1)

_/adn , C Wiy re/a;@)i (@"/c,aq/c;q);
(G Dn ZZ (@) (ay;@ivj  (g,a977"/c;q);

=O =

~

(l+1) o
<[] @arerar (317)
*If r=s=0 and y = 0 in equation (3.17) then using (1.6), we get the following identity:

Corollary 3.3.8

q a0 (dq/c; . qt™/c,aq/c
q/¢ Qe (c/a;q)
3¢ <C, ‘ v q) - (d; CI)oo (C; Q)nn a’ 2¢2 aql_n/c' dCI/C; q, d

«If r=2,s=1 and y = 0 inequation (3.17), we get Theorem 17 obtained by Liand Tan
[9] (equation (1.22)).
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«If r=2,s =1, y =0 and setting a; = ¢~V in equation ??, then using equations (1.1)
and (1.7), we get Theorem 3.1 obtained by Zhang and Yang [15] (equation (1.19)).

cIfr=2,s=1,y=0,a;, =q " and a =1 inequation (3.17), we get Corollary 3.2
obtained by Fang [5] (equation (1.20)).

Conclusions

1. Many operators can be obtained by assigning some special values to the generalized
a1, b ,ar
g-operator @, (bl, =, bs;q, ch>

2. We qgeneralized some well-known g-identities, such as Cauchy identity, Heine's
transformation formula and the g-Pfaff-Saalschiitz summation formula.
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