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ARTICLE INFO ABSTRACT

Keywords In the current investigation, the simulation of extension-thinning
Artificial inelastic fluid flow is considered through an axisymmetric rectangular
compressibility channel. To describe the fluid motion, usually, the mass conservation
method; Finite element and conservation of momentum partial differential equations are used.
method; Galerkin This study presents these equations in the context of the cylindrical

method; Navier-Stokes; coordinate system. The key point here is that viscosity needs to be

Non-Newtonian fluids. gefined as a variable, which requires introducing an additional
constitutive equation. Accordingly, an extension-thinning inelastic
model, named SI-Fit-1l, for treating the viscosity condition is
presented.Numerically, the Galerkin finite element approach based on
the artificial compression method (AC-method) is performed in this
study. To meet the method analysis, Poiseuille flow along a circular
channel under an isothermal state is used as a simple test problem. This
test is conducted by taking a circular section of the pipe. The influence
of many parameters, such as the consistency parameter and power
index of the model, the artificial compressibility parameter (fac) and
Reynolds number (Re) was discussed. This test is conducted by taking
a circular section of the pipe.

Received 09 Dec 2024; Received in revised form 30 Jan 2025; Accepted 13 Feb 2025, Published
30 Apr 2025

This article is an open access article distributed under

the terms and conditions of the Creative Commons Attribution- 51
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/
mailto:pgs.ahmed.jameel@uobasrah.edu.iq

A.] Ghanim & A.H Al-Muslimawi Bas ] Sci 43(1) (2025)51-66

1. Introduction

Non-Newtonian fluids are essential to many chemical and industrial operations in the food,
metallurgical, polymer, and biological sectors. This kind of fluid reacts to stimuli by changing its
viscosity. Consequently, a simple constitutive equation is used to characterize the viscosity of such
a fluid. Typical constitutive models that demonstrate non-Newtonian behavior include the power
law model (PLM), modified power law, cross model, Herschel-Bulkley model, Caro model, Caro—
Yasuda model, Baird—Caro model, modified Casson model, and tethering model [1-5]. Furthermore,
non-Newtonian fluids show either shear thickening, that is, the process by which viscosity rises as
shear increases, or shear thinning, in which the viscosity falls as shear increases.

In this study, the flow of inelastic fluids was studied extensively, using an inelastic extensional model
called Fit-11. This model represents one of the fundamental constitutive equations for such fluids (for
more details, see Binding et al. [6] and Debbaut and Crochet [7]). The definition of such a model
with extensional response is

g (€) = 3uy cosh(ndé). (1 + 3(ké)?)m-1/2,
where n, A, and k are the parameters in the model that determine the extensional behaviors of the
model, and p, indicates the zero viscosity (for more details see [6-8]). Generally, from the structure
of this model, one can see that the functions of viscosity are presented for extensional flows only.
The material behavior in these types of flows, which is described by a combination of governing
equations and the Fit-11 model, represents a complicated problem. Thus, the numerical treatment is
the essential tool to analyze this problem. Accordingly, several numerical studies have been
conducted on such inelastic models, see for example, [6],[7], and [9]. These investigations show
how extensive the information to researchers interested in this type of flow.
In this study, we introduced a robust numerical algorithm to treat the governing equations that
describe this flow. This numerical approach is performed by using the Galerkin finite element
method based on the artificial compression method (AC-method), for short, it is called GFE-AC-
method. The main idea of AC-method is to transform the continuity equation from an elliptic
equation to a hyperbolic equation by adding the artificial compressibility term, as will be explained
later. Then, the resulting system can be solved directly by standard time-dependent approaches that
are not complicated to apply in the solution. Chorin (1967) is the first person who adopted this
method to solve the Navier-Stokes equations [10]. Later, this method has also been applied for

solving unsteady problems (see, for example, Peyret and Taylor [11] and Kao and Yang [12]).
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Moreover, one can view different studies of the AC-method that were conducted by combining this
method with finite element and finite difference methods (see, for example, [11-16]).
The main novelty in this research is the study of inelastic axisymmetric and laminar extensional fluid
flow by using GFE-AC-method, which none of the researchers have previously shed light on. The
effect of Reynolds number (Re) and all the parameters of the Fit-1I model on the fluid behavior is
presented as well. To test our algorithm, the Poiseuille (Ps) flow through a two-dimensional straight
channel, under isothermal conditions, is used as an actual application.
2. Mathematical modeling
2.1 Motion equations
A key formula in fluid mechanics that describes the motion of incompressible fluids is the Navier-
Stokes equations. These equations consist of continuity and momentum equations, which are
expressed as:

V-u=0, (@)

] .
por =V (@@, &)d) - p(u-Vu) - VP. @)
Here, d = %(Vu + VuT) is the rate of deformation tensor, P and p are the pressure and density of

the fluid. The dimensionless Navier-Stokes equations may be expressed using the Reynolds number,
a crucial fluid mechanics variable that indicates the ratio of driving forces to viscous forces. The

Reynolds number is defined using the following formula: Re = pTUL, where p, L and U are represented
by density, length, and velocity, respectively (see [17],[18]). Therefore, the momentum conservation
equation (2) can be reformulated as follows:

ReS' =V (2u(¢)d) — Re(u - Vu) — VP. 3)
Furthermore, we convert the continuity equation and the momentum conservation equation into

cylindrical coordinates as follows:

ou, 1 10ug ou,
6r+rur+r69+62_0' (4)
r-direction
ou, ou, 1u, 1 dur _ —10P | 2ug 0%u,
o T Ur 6r+u9(r66 o) T U, 9z por | p orz +
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2.2 Inelastic model
As we mentioned above, the extensional inelastic nonlinear model (Fit-11) is employed to
characterize the viscosity behavior for the fluid in the current study. This model may be expressed
mathematically as:

g (€) = 3uy cosh(nAé). (1 + 3(ké)?)m-1/2 (8)
All the parameters are defined in the introduction above, while here, we need to define the strain rate
€ as:

g

e =341 ©)
Where, 11; and 111, represent the second and third invariants, which are presented in cylindrical

coordinates as follows: (see [16])

Iy =tr(d®) = 2{(Z2 + 39? + (2 +2 = + 297, (10)
and
r (OUy OUy dur | 0uy
Iy = det(d) = 22 {Zr 2 — 2 (2 4 Hey2}, (11)

2.3 Artificial Compressibility Method (AC-Method)

The elliptic partial compression equation can be converted into a hyperbolic compressible partial
differential form by introducing an artificial component into the continuity equation (4). Once the
steady-state solution is reached, the artificial compression term will be removed. The incorporation
of this component into the continuity equation can convert the Navier-Stokes equation into a mixed
parabolic-hyperbolic equation, which can then be solved using a conventional time-based method.
One way to express this approach is to apply the bogus term to the continuity equation.

dp . Our 10ug , Ouy
6t+6r+r +r69+6z

The relation between the artificial density and pressure is provided by the state equation that follows:

= 0. (12)
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P = pBac (13)

where, B, is the synthetic compressibility parameter; 0 < ﬁi << 1. By replacing

ac

Eq. (13) into Eq. (12), we compile the continuity formula in the format:
10ug , Ouy,

1 0P , dur , 1 _
Bac 0t = Or +rur+r a0 + 9z 0. (14)

Therefore, the governing equations for the present study consist of equations (5-7) and (14).

3. Numerical method and test problem

A common numerical method for resolving the partial differential equations in fluid is the Galerkin
finite element method. The principal stages of this method are applied to solve equations (5)-(7) and
equation (14). The essential step is to find the variational formulation of the governing equations,
using suitable weight functions, and compute the integral. After that, we need to define an
appropriate interpolation (or shape) function, which is dependent on the number of nodes in the
element. Since the element shape in the mesh that we used is a triangle with three vertex nodes and
three middle points. Thus, we used a quadratic shape function to approximate the velocity
component, while a linear shape function is utilized to approximate the pressure component. These
functions can be defined in cylindrical coordinates as:

(@) The quadratic shape function for velocity.

P [LE-Lil2+L)] y1 0 0 -1 0 -—-19[4
Ya| |12-Ly(Ls;+L)| [0 1 0 -1 -1 o0]|L3
Ws| |15 —La(ly + L) |0 0 1 0 =1 —1fji3 | (15)
sl |4LL, 000 4 0 0]}LL,
Ys|  |4L,L, 000 0 4 0f|LL;
el 4L, 1 000 0 0 44,7,]
(b) The linear shape function for pressure

¢1 Ll
¢2| = |L2|. (16)
¢3 L3

Such that, L] = ﬁ(aj + b]T' + CjZ), (V] = 1,2,3)

Where, A, 1S the area of the triangular element, and a; , b; and c; are coefficients. For this, from
the divergence theorem and reordering the items, partial differential equations are solved using the
weak version of the finite element technique, which involves rewriting the problem to include an

optional test function that permits the minimization of the necessary conditions.
[Mp][P] + [Q1][ur] + [q][u] + [Qz][ue] + [Q3][u,] = 0, 17)
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[M][itr] + [C(ur, ug, uz) ] [ur] + [collu 9]_i[Ql][P]+[Krr][ur]+[K21][u9]

K22l [ur] + [kr][ur] + [kollue] + [K31][uz] + [Ks3][ur] = 0, (18)
[M][tg] + [C(ur, ug, uz)][ug] + [c ][ur]——[Qz][ 1 + [Ki1][ug] + [Ki2][ur]
+lkol[ur] + [Koolluel + [Ks3][ue] + [K32][u,] = 0, (19)
[M][a,] + [C(uyr, ug, u)][u,] - g [Q:1[P] + [Kiq][u.] + [Kiz][u,] -
[esl[ur] — [ka]luz] + [Ka2][uz] + [K23][ue] + [Kzz][uz] = 0. (20)
Such that all the definitions of the matrices are:
mass matrix:
= [ yyrd = [,, [J" [NI[HI[H*][N"]rd6dA = 2 [,, [N][H][N?][H |rdA,
where,
Thus,
[M] = 2mr [N][H][HF][N"] [0 A = 21 Agrea[NI[H][HT][NT], (21)
[My] = 217 Aarea 5~ [EN[E"]. (22)

Moreover, the taken from style of form functions may be mentioned, like:

¥ = N5 = [VIBIIE],

or ar
oy
%0~ O
oY O[H] _
X = 28 = [Ny eliE),
where
2b, 0 0 T 2c;, 00
0 2b, 0 0 2 0
1 o 0 2b; 1 o0 0 2c
B] = ,[C] = .
[ ] 2Aarea b2 bl 0 [ ] 2Aarea C2 €1 0
0 b; b, 0 cz €y
_b3 0 b1 | 1C3 0 [
diffusion matrix:
== —J e ve[NI[BI[E][ET][BT][N"]rdA, (23)
4
[Kzz] = R—:f e BeINIICIIE]LET][CT]INT]rdA, (24)
2
[K11] = R—ZfAe ue[N][B][E][E*][BT][N*]rdA, (25)
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[Kss] = = =2 [ e us[NI[C][E][ET][CT][N"]rdA, (26)
[Kis] = Z”I [ENETN[CT][N"]rdA, 27)
[K31] = 2 fAe ug[NT[CI[E][E1[B7I[N"]rdA, (28)
k] === [, up[N1[HI[EF][BT][N*]rdA, (29)
=2 [ o ug[NI[H][ET][B][N]rdA, (30)
] =2 [, ug[N][H][ET][CTI[N"]rd4, (31)
[Koo] = 0, [K22] = 0,[K12] = 0,[Kz1] =0, [K23] = 0, [K32] = 0,[kz] = 0,[kg] = 0.
gradient matrix:
[Q1] = 27T Agrea[N1[BI[ENIEY], (32)
[Q3] = 27T Agrea[NT[CE][E], (33)
[q] = anmAareaM [N7], (34)
[Q,] =
convective matrix:
[C(ur)] = 2T Agrea N1 [HIHF1 N1 [u, 1[E¥][B¥][N"], (35)
[C,(u)] = 20T Agrea NI [HIHTI N1 [ ] [EF][CTIINT], (36)
[Col = 2T Agrea N1HIHT]IN[ug] [HTI[N7], (37)
[C] = 27t Aqrea[INTIHI[HTI[N1[ug ] [HT][N7], (38)

[Co(ug)] = O.

The fact that the actual test in the now case is the indirect item that needed a well-done solution. To

address this indirect item of equations (17)-(20), the Newton-Raphson technique is used. As the

score, the order of the equation is going to be supplanted through the coming equation:

R
ou,
M 0 0 0 111/ os,
0 M 0 0 |||z
0 0 M 0 ||u,lors
0 0 0 M,]|lp]|ow
ORs
Lou,

[M]U + [S(U)] AU = —[R].
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Boundary conditions (BCs): To complete the setting of the problem, we need to define the boundary
conditions that are imposed on the surface of the straight channel. Homogeneous Dirichlet BCs are
applied on the top and bottom of the channel, where the axial and radial velocities are zero on the
top wall, with vanishing radial velocity only on the axisymmetric line. Since we are dealing with the
laminar flow, the Poiseuille (Ps) flow is applied at the inlet of the channel.

4. Results

The numerical results obtained using the GFE-AC-method focused mainly on the impact of different
parameters of the inelastic model under consideration. Particularly, the focus here is on the effect of
power index (n), constant for the fluid (1), and Reynolds number (Re).

n-variation: Figure 1 (a) shows the cross-channel axial velocity, while 1 (b) depicts pressure along
the centerline of the channel in extension thinning for fixed {¢,=1, k =1, Re=100, A=15, ,.=100}.
For the axial velocity, we detected that it maintained its behavior as a Poiseuille (Ps) flow until
reaching steady state, with a slight increase in the case of a decrease in n < 1. On the other hand,
increased pressure can enhance the flow of extension-thinning fluids by reducing viscosity, thereby
allowing for easier movement through systems. Accordingly, from the pressure profile, one can see
that a decrease in the level of power-index (n)leads to a raise in the pressure due to the dominant
extension-thinning influence. For example, the profile gives an increase in pressure of O(35%) from
n=0.8ton=0.2, 0O(30%) fromn=0.8 to n = 0.4, and O(22%) from n = 0.8 to n = 0.6. In addition,
Figure 1c reflects the effect power index on the viscosity again in the case of extension-thinning (n
<1). The results demonstrated that as n decreases, the level of viscosity decreases, with a noticeable
rise at n = 0.8, due to the thinning effect. Also, one can see that the peak in the viscosity always

occurs at the center of the channel.
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r-coordinate
pressure, p

|
0 0.2 0.4 0.6 0.8 1 12
velocitv. uz

(a)

Viscosity, ug

z-coordinate

(c)

Figure 1. Axial velocity, pressure and viscosity; n-variation, p, = 1, k = 1, Re=100, A=15,
Bac = 100.
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k-variation: The fluid may flow more consistently when the consistency parameter (k) is raised,
which lowers losses from turbulence and undulations. A high consistency parameter may also help
to decrease surface effects and improve flow stability because of the compact dimensions, which
would enable higher velocity. From Figure 2(a-b) and with the same setting of parameters that are
usually used, one can observe that the effect of the consistency index (k) was very modest on both
velocity and pressure. Furthermore, Figure 2c illustrates the behaviour of viscosity under k-variation.

The profiles reveal that a reduction in k results in an increase in the level of viscosity.

1
201

0.9r
181

08¢ 161

0.7+ 14l

0.6 120

0.5 10

r-coordinate
pressure, p

0.4

03
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I I L . . L . I I I .
) 0.2 0.4 0.6 0.8 1 1.2 0 0.5 1 1.5
velocity, uz z-coordinate

(a) (b)
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k=1 | |
—— k=10
—e— k=20 | |
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3
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28
2.75
2.7
2.65
2.6
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2.5
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.
0 0.5 1 1.5 2
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(c)

Figure 2: Axial velocity, pressure and viscosity with k-variation, u, = 1, Re=100, n=0.6, 4
=15,
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Re-variation: The effect of Reynolds number (Re) on the velocity is presented in Figure 3 with {u,
=1,k=1,n=0.6,2=15, B,.=100}. In laminar flow through a channel, the velocity profile is parabolic
with faster near the center and decreases gradually to zero at the channel wall due to the no-slip
condition. Here, as anticipated, results show that increasing Re causes a significant rise in the level

of maximum velocity.

—— Re=10
—— Re=50 ||
—&— Re=100

r-coordinate
o
in
T

. . . . . .
0 0.2 0.4 0.6 0.8 1
velocity, uz

Figure 3: Velocity profiles with Re-variation, o =1, k=1, n=0.6,
A=15, B, = 100.

A-variation: In the case of extension-thinning flow, the cross-channel axial velocity and pressure
are displayed in Figure 4 (a-b) with fixed {u, =1, k =1, Re=100, n=0.6, $,,=100} and A variation
{1, 10, 15, 20}. Since the inelastic parameter (1) represents the resistance to fluid flow between two
surfaces in contact. Accordingly, a very slow change in velocity is observed as the inelastic
parameter()) increases. In addition to maintaining the flow rate, the same behavior has occurred for
pressure, where a significant decrease in pressure level has appeared as the inelastic parameter (1)

increased.
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221 A=1

pressure, p

L I I I I L .
0 0.2 0.4 0.6 0.8 1 1.2
velocity, uz

z-coordinate

(a) (b)

Figure 4: Axial velocity and pressure with A-variation, u, = 1, k =1, n=0.6, Re=100, B,. =
100.

Bac-variation: The effect of the artificial compressibility parameter {£,.=10, 50, 80, 100}with fixed
{uo =1, k=1,n=0.6, Re=100, A = 15 } on the level of axial velocity and pressure is presented in
Figure 5(a-b). The axial velocity profile is plotted at z=1.5 (Figure 5a), while along the centerline
was the plotting of pressure (Figure 5a). From observing the results, we found that there is a different
influence of B,. on both axial velocity and pressure, as the effect of the parameter is directly
proportional to velocity and inversely proportional to pressure. The reason for this is due to a fluid
moving more swiftly when artificial compressibility is applied because the pressure pushes the fluid
molecules, and the flow rate rises because of the fluid molecules moving more quickly. Additionally,
in order to optimize fluid flow and establish a dynamic equilibrium for steady flow, artificial
compressibility causes the natural pressure inside the cylinder to be modified. There is also an
interesting point and striking observation that was made in the pressure value at 8,.=10, which is
that the pressure value at the region close to the inlet of the channel is less than the level of the other
values, and then it begins to gradually increase after the first quarter of the channel to take the general
situation consistent with the results. Moreover, the impact of 5, on the viscosity through a straight
line parallel to the axisymmetric line is presented as well in Figure 5¢ with the same setting of
parameters. The comparative plots show that there is a significant effect on viscosity with a small

Ba.=10, after, which the differences drop away with a gradual decrease observed when the
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Bac —Vvalue increases to take close values of about 3 units. For instance, one can observe that a

reduction in the level of viscosity of O(77%) from S,.=10 to 8,.=100 has occurred.

r-coordinate
pressure, p

L L L L
0.5 1 1.5 2

| | | |
0 0.2 0.4 0.6 0.8 1 0
velocity, uz z-coordinate
(a) (b)
13F Bac=10
—+— pac=50
12 —e— Bac=80
—=— Bac=100
11fF 4
10+
I 9r
3
z sl
w
o
o
2 7+
>
6|
5k
al
3l W\ PY
. | | \

|
0 0.5 1 1.5 2
z-coordinate

(c)

Figure 5: Axial velocity, pressure and viscosity with f,.-variation, u, =1, k=1, n=0.6,
Re=100, 1 = 15.

5. Conclusions
In this study, a numerical simulation of an inelastic and incompressible fluid is conducted utilizing
the Galerkin finite element method in a cylindrical coordinate system. The numerical method is

employed based on the artificial compressibility approach to facilitate the conversion process of the
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incompressible continuity equation from the elliptic equation to a hyperbolic compressible equation
by adding the artificial compressibility factor to the continuity equation is the method. This change
makes it possible to handle numerical solutions with greater flexibility and helps to prevent the issues
brought on by stiff situations. The impact of Reynolds number (Re), power index (n), consistency
coefficient (k), artificial compressibility coefficient (8,.), and A on the behavior of solution

components is tested. The results show the effect of extension-thinning on the solutions.
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