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The M-Polynomial and CoM-polynomial are considered as two of the 

most important degree-based graph polynomials, since from them we 

can obtain almost all degree based topological indices and coindices 

respectively. In this paper these two polynomials will be computed for 

some new defined graphs from the basic well-known graphs, such 

graphs will be known as hat-graphs. Hat-graphs have been constructed 

by adding new vertices and edges for the basic graphs in a special way. 

The special graphs that have been the base of these new graphs are 

path, cycle, complete, star, wheel, and complete bipartite graph. 
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1. Introduction  

   A simple connected graph 𝐺 consists of two sets; 𝑉(𝐺) is the set of vertices, and 𝐸(𝐺) is the set 

of unordered pairs of elements of 𝑉(𝐺) called edges [1.-3]. The number of vertices and edges of 

𝐺 determine it's order and size, which are represented by 𝑛, 𝑚 respectively. Two vertices are called 

adjacent if the have an edge between them, by degree of a vertex 𝑣 we mean the number of all 

edges incident to 𝑣, which is denoted by 𝑑𝐺(𝑣). The complement of a graph 𝐺 is a new graph 𝐺‾ 

having the vertex set 𝑉(𝐺), two vertices are adjacent in 𝐺‾ iff they are not adjacent in 𝐺, and the 

set of all edges of 𝐺 is denoted by 𝐸(𝐺)[1 − 3]. By an 𝑖-vertex we mean a vertex of degree 𝑖, 𝑛𝑖 is 

the number of 𝑖-vertices and (𝑖, 𝑗)-edge refers to an edge joining an 𝑖-vertex to a 𝑗-vertex [4, 5]. A 

graph in which every pair of vertices are adjacent is called Complete graph and denoted by 𝐾𝑛[2]. 

A graph in which every vertex has a degree 𝑟, (𝑟 ∈ 𝑁) is called 𝑟-regular [3]. A connected graph 

with order 𝑛 which is 2 -regular is called Cycle and denoted by 𝐶𝑛 [1]. Path graph 𝑃𝑛 is obtained 

from 𝐶𝑛 by removing an edge, while the graph obtained from 𝐶𝑛 by adding a new vertex and 

joining all 𝑛 vertices of 𝐶𝑛 to the new vertex is called Wheel and denoted by 𝑊𝑛 [1]. A complete 

bipartite graph 𝐾𝑛,𝑚 with order 𝑛 + 𝑚 is a graph that vertex set can be partition in two two sets 𝑉1 

and 𝑉2 such that, no two vertices in the same partition are adjacent and every vertex of 𝑉1 is 

adjacent to every vertices of 𝑉2. In particular, the Star graph 𝑆𝑛 is the complete bipartite graph 𝐾1,𝑛 

[1,2].      A graph invariant with polynomial values are graph polynomial [6]. Many polynomials 

have been introduced such as chromatic polynomial whose values give the number of coloring of 

the graph properly with a given number of colors [7], Hosoya polynomial based on distances [8, 

9], characteristic polynomial based on the matrix of graphs [10], M-polynomial and CoM-

polynomial based on degrees [11, 12], etc. In this research we focus on M-polynomial, CoM-

polynomial and compute them for certain graphs. The M-Polynomial is an important degree based 

graph polynomial which was defined by Deutsch and Klavžar in 2015 [11]. For a graph 𝐺, the M-

Polynomial is defined as: 

𝑀(𝐺, 𝑥, 𝑦) = ∑  

𝛿(𝐺)≤𝑖≤𝑗≤Δ(𝐺)

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗 (1) 

where 𝑚𝑖,𝑗 is the number of (𝑖, 𝑗)-edges and 𝛿(𝐺), Δ(𝐺) represent minimum and maximum degrees 

of vertices of 𝐺 respectively [11]. There are many studies about the M-Polynomial including 
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computation of M-Polynomial for Some composite graphs, book graph and some nanostructures 

graph in [13-15]. Additionally, Basavanagoud et al. calculated the M-Polynomial of some graph 

operations and cycle related graphs in [16]. In contrast to other graph polynomials this polynomial 

makes it simple to compute more than one topological index, including Atom bond connectivity 

index, Geometric connectivity index and more indices by using specific derivative, integral, or 

some times both. [11, 14-16] provide formulas for computing those indices from the M-

Polynomial. In 2022 the concept of M-Polynomial extended for non-adjacent pair of vertices by 

Kirmani et al. They defined a new polynomial called CoM-Polynomial [12], since then some 

publications can be found on this polynomial such as [12, 17--20]. The CoM-Polynomial of a 

graph 𝐺 is defined as: 

CoM(𝐺, 𝑥, 𝑦) = 𝑀‾ (𝐺, 𝑥, 𝑦) = ∑  

𝛿(𝐺)≤𝑖≤𝑗≤Δ(𝐺)

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗 (2) 

where 𝑚‾ 𝑖,𝑗 is the number of all pairs of vertices (𝑢, 𝑣) with 𝑑𝐺(𝑢) = 𝑖, and 𝑑𝐺(𝑣) = 𝑗 such that 

𝑢𝑣 ∉ 𝐸(𝐺) that is; 𝑚‾ 𝑖,𝑗 =∣ {𝑢𝑣 ∉ 𝐸(𝐺); 𝑑𝐺(𝑢) = 𝑖 and 𝑑𝐺(𝑣) = 𝑗} ∣ and 𝛿(𝐺), Δ(𝐺) are 

minimum and maximum degrees of vertices of 𝐺 respectively [12, 17]. While computing 𝑚‾ 𝑖,𝑗 the 

following Lemma is helpful; 

Lemma 1.1 [5] Let 𝐺 be a connected graph of order 𝑛. Then 

𝑚‾ 𝑖,𝑗 = {

𝑛𝑖(𝑛𝑖 − 1)

2
− 𝑚𝑖,𝑗  if  𝑖 = 𝑗

𝑛𝑖𝑛𝑗 − 𝑚𝑖,𝑗  if  𝑖 < 𝑗
(3) 

2. Main Results 

In this section some new special graphs will be constructed from the well-known basic graph by 

adding new vertices and edges in a special way, these graphs will be known as Hat-graphs. 

Moreover, the M-polynomial and Co-M-polynomial will be computed for each such graphs. 

Definition 2.1 Let 𝐾𝑛 be a Complete graph with vertex set {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛}. We define a new 

graph HatComplete 𝐾𝑛
𝐻 by adding new vertices {𝑣1, 𝑣2, 𝑣3, … , 𝑣2𝑛} and edges 

{𝑢𝑖𝑣2(𝑖−1), 𝑢𝑖𝑣2𝑖−1, 𝑣2𝑖−1𝑣2𝑖; 𝑖 = 1,2,3, … , 𝑛 and 𝑣0 = 𝑣2𝑛}. The new graph 𝐾𝑛
𝐻 has 3𝑛 vertices 

and 
𝑛(𝑛+5)

2
 edges with diameter 3 (see Figure 1 ). 
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Figure 1: The Hat-Complete graph 𝐾𝑛
𝐻 

 

Theorem 2.1 The M-polynomial and CoM-polynomial of 𝐾𝑛
𝐻 are: 

𝑀(𝐾𝑛
𝐻, 𝑥, 𝑦) = 𝑛(𝑥𝑦)2 [

𝑛 − 1

2
(𝑥𝑦)𝑛−1 + 2𝑦𝑛−1 + 1] (4)

𝑀‾ (𝐾𝑛
𝐻, 𝑥, 𝑦) = 2𝑛(𝑛 − 1)(𝑥𝑦)2(𝑦𝑛−1 + 1) (5)

 

Proof: We see that |𝑉(𝐾𝑛
𝐻)| = 3𝑛 and |𝐸(𝐾𝑛

𝐻)| =
𝑛(𝑛+5)

2
. On the other hand, |𝐸 (𝐾𝑛

𝐻)| = (3𝑛
2

) −

|𝐸(𝐾𝑛
𝐻)| = 4𝑛(𝑛 − 1). Vertices of 𝐾𝑛

𝐻 have degrees 2, and 𝑛 + 1, so based on degree 𝑉(𝐾𝑛
𝐻) 

can be classified into class: 𝑛2 = 2𝑛, and 𝑛𝑛+1 = 𝑛. Then by using the above information and 

Lemma 1.1 we have the following table: 
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Table 1: Edge partitions and number of edges of 𝐾𝑛
𝐻 and 𝐾𝑛

𝐻. 

(𝑖, 𝑗) = (𝑑𝐺(𝑢), 𝑑𝐺(𝑣)) 𝑚𝑖,𝑗 𝑚‾ 𝑖,𝑗 

(2,2) 𝑛 2𝑛(𝑛 − 1) 

(2, 𝑛 + 1) 2𝑛 2𝑛(𝑛 − 1) 

(𝑛 + 1, 𝑛 + 1) (
𝑛

2
) 0 

∑ 
𝑛(𝑛 + 5)

2
 4𝑛(𝑛 − 1) 

 

Then, 

𝑀(𝐾𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝐾𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝐾𝑛

𝐻)

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗

 = 𝑛(𝑥𝑦)2 + 2𝑛𝑥2𝑦𝑛+1 + (
𝑛

2
) (𝑥𝑦)𝑛+1

 = 𝑛(𝑥𝑦)2 + 2𝑛𝑥2𝑦𝑛+1 +
𝑛(𝑛 − 1)

2
(𝑥𝑦)𝑛+1

 = 𝑛(𝑥𝑦)2 [
𝑛 − 1

2
(𝑥𝑦)𝑛−1 + 2𝑦𝑛−1 + 1] .

 

And, 

𝑀‾ (𝐾𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝐾𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝐾𝑛

𝐻)

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗

 = 2𝑛(𝑛 − 1)(𝑥𝑦)2 + 2𝑛(𝑛 − 1)𝑥2𝑦𝑛+1 + 0

 = 2𝑛(𝑛 − 1)(𝑥𝑦)2(𝑦𝑛−1 + 1).

 

Definition 2.2 Let 𝑃𝑛 be a Path with vertex set {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛}. We define a new graph Hat-

Path 𝑃𝑛
𝐻 by adding new vertices {𝑣1, 𝑣2, 𝑣3, … , 𝑣2(𝑛−1)} and edges {𝑢𝑖𝑣2(𝑖−1), 𝑢𝑖𝑣2𝑖−1; 𝑖 =

2,3, … , 𝑛 − 1 and } ∪ {𝑢1𝑣1, 𝑢𝑛𝑣2(𝑛−1)}. The new graph 𝑃𝑛
𝐻 has 3𝑛 − 2 vertices and 4(𝑛 − 1) 

edges with diameter 𝑛 + 1 (see Figure 2 ). 
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Figure 2: The Hat-Path graph 𝑃𝑛
𝐻 

 

Theorem 2.2 The M-polynomial and CoM-polynomial of 𝑃𝑛
𝐻 are: 

𝑀(𝑃𝑛
𝐻, 𝑥, 𝑦) = (𝑥𝑦)2[((𝑛 − 3)𝑥2 + 2(𝑛 − 1))𝑦2 + 𝑛 + 1] (6)

𝑀‾ (𝑃𝑛
𝐻 , 𝑥, 𝑦) = (𝑥𝑦)2 [

𝑛2 − 7𝑛 + 12

2
(𝑥𝑦)2 + (2𝑛2 − 6𝑛 + 2)𝑦2 + 2𝑛2 − 2𝑛 − 1] (7)

 

Proof: We see that |𝑉(𝑃𝑛
𝐻)| = 3𝑛 − 2 and |𝐸(𝑃𝑛

𝐻)| = 4(𝑛 − 1). On the other hand, |𝐸 (𝑃𝑛
𝐻)| =

(3𝑛−2
2

) − |𝐸(𝑃𝑛
𝐻)| =

9𝑛2−23𝑛+14

2
. Vertices of 𝑃𝑛

𝐻 have degrees 2, and 4, so based on degree 

𝑉(𝑃𝑛
𝐻) can be classified into class: 𝑛2 = 2𝑛, and 𝑛4 = 𝑛 − 2. Then by using the above 

information and Lemma 1.1 we have the following table: 

Table 2: Edge partitions and number of edges of 𝑃𝑛
𝐻 and 𝑃𝑛

𝐻. 

(𝑖, 𝑗) = (𝑑𝐺(𝑢), 𝑑𝐺(𝑣)) 𝑚𝑖,𝑗 𝑚‾ 𝑖,𝑗 

(2,2) 𝑛 + 1 2𝑛2 − 2𝑛 − 1 

(2,4) 2(𝑛 − 1) 2𝑛(𝑛 − 3) + 2 

(4,4) 𝑛 − 3 (
𝑛 − 3

2
) 

∑ 4(𝑛 − 1) 
9𝑛2 − 23𝑛 + 14

2
 

 

Then, 
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𝑀(𝑃𝑛
𝐻 , 𝑥, 𝑦) = ∑  

𝛿(𝑃𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝑃𝑛

𝐻)

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗

 = (𝑛 + 1)(𝑥𝑦)2 + 2(𝑛 − 1)𝑥2𝑦4 + (𝑛 − 3)(𝑥𝑦)4

 = (𝑥𝑦)2[((𝑛 − 3)𝑥2 + 2(𝑛 − 1))𝑦2 + 𝑛 + 1].

 

And, 

𝑀‾ (𝑃𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝑃𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝑃𝑛

𝐻)

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗

 = (2𝑛2 − 2𝑛 − 1)(𝑥𝑦)2 + [2𝑛(𝑛 − 3) + 2]𝑥2𝑦4 + (
𝑛 − 3

2
) (𝑥𝑦)4

 = (𝑥𝑦)2 [
𝑛2 − 7𝑛 + 12

2
(𝑥𝑦)2 + (2𝑛2 − 6𝑛 + 2)𝑦2 + 2𝑛2 − 2𝑛 − 1] .

 

Definition 2.3 Let 𝐶𝑛 be a Cycle with vertex set {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛}. We define a new graph Hat-

Cycle 𝐶𝑛
𝐻 by adding new vertices {𝑣1, 𝑣2, 𝑣3, … , 𝑣2𝑛} and edges {𝑢𝑖𝑣2(𝑖−1), 𝑢𝑖𝑣2𝑖−1, 𝑣2𝑖−1𝑣2𝑖; 

𝑖 = 1,2,3, … , 𝑛 and 𝑣0 = 𝑣2𝑛}. The new graph 𝐶𝑛
𝐻 has 3𝑛 vertices and 4𝑛 edges with diameters 

𝑛+4

2
 when 𝑛 is an even integer and 

𝑛+3

2
 when 𝑛 is an odd integer (see Figure 3 ). 

 

Figure 3: The Hat-Cycle graph 𝐶𝑛
𝐻 
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Theorem 2.3 The M-polynomial and CoM-polynomial of 𝐶𝑛
𝐻 are: 

𝑀(𝐶𝑛
𝐻, 𝑥, 𝑦) = 𝑛(𝑥𝑦)2[(𝑥𝑦)2 + 2𝑦2 + 1] (8)

𝑀‾ (𝐶𝑛
𝐻 , 𝑥, 𝑦) = 2𝑛(𝑥𝑦)2 [

𝑛 − 3

4
(𝑥𝑦)2 + (𝑛 − 1)𝑦2 + 𝑛 − 1] (9)

 

Proof: We see that |𝑉(𝐶𝑛
𝐻)| = 3𝑛 and |𝐸(𝐶𝑛

𝐻)| = 4𝑛. On the other hand, |𝐸 (𝐶𝑛
𝐻)| = (3𝑛

2
) −

|𝐸(𝐶𝑛
𝐻)| = 

𝑛(9𝑛−11)

2
. Vertices of 𝐶𝑛

𝐻 have degrees 2 , and 4 , so based on degree 𝑉(𝐶𝑛
𝐻) can be 

classified into class: 𝑛2 = 2𝑛, and 𝑛4 = 𝑛. Then by using the above information and Lemma 1.1 

we have the following table: 

Table 3: Edge partitions and number of edges of 𝐶𝑛
𝐻 and 𝐶𝑛

𝐻. 

(𝑖, 𝑗) = (𝑑𝐺(𝑢), 𝑑𝐺(𝑣)) 𝑚𝑖,𝑗 𝑚‾ 𝑖,𝑗 

(2,2) 𝑛 2𝑛(𝑛 − 1) 

(2,4) 2𝑛 2𝑛(𝑛 − 1) 

(4,4) 𝑛 
𝑛(𝑛 − 3)

2
 

∑ 4𝑛 
𝑛(9𝑛 − 11)

2
 

 

Then, 

𝑀(𝐶𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝐶𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝐶𝑛

𝐻)

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗

 = 𝑛(𝑥𝑦)2 + 2𝑛𝑥2𝑦4 + 𝑛(𝑥𝑦)4

 = 𝑛(𝑥𝑦)2[(𝑥𝑦)2 + 2𝑦2 + 1].

 

And, 
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𝑀‾ (𝐶𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝐶𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝐶𝑛

𝐻)

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗

 = 2𝑛(𝑛 − 1)(𝑥𝑦)2 + 2𝑛(𝑛 − 1)𝑥2𝑦4 +
𝑛(𝑛 − 3)

2
(𝑥𝑦)4

 = 2𝑛(𝑥𝑦)2 [
𝑛 − 3

4
(𝑥𝑦)2 + (𝑛 − 1)𝑦2 + 𝑛 − 1] .

 

Definition 2.4 Let 𝑆𝑛 be a Star with vertex set {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛, 𝑢𝑛+1}. We define a new graph 

Hat-Star 𝑆𝑛
𝐻 by adding new vertices {𝑣1, 𝑣2, 𝑣3, … , 𝑣2𝑛} and edges 

{𝑢𝑖𝑣2(𝑖−1), 𝑢𝑖𝑣2𝑖−1, 𝑣2𝑖−1𝑣2𝑖; 𝑖 = 1,2,3, … , 𝑛 and 𝑣0 = 𝑣2𝑛}. The new graph 𝑆𝑛
𝐻 has 3𝑛 + 1 

vertices and 4𝑛 edges with diameter 4 (see Figure4). 

 

Figure 4: The Hat-Star graph 𝑆𝑛
𝐻 

 

Theorem 2.4 The M-polynomial and CoM-polynomial of 𝑆𝑛
𝐻 are: 

𝑀(𝑆𝑛
𝐻, 𝑥, 𝑦) = 𝑛(𝑥𝑦)2[𝑥𝑦𝑛−2 + 2𝑦 + 1] (10)

𝑀‾ (𝑆𝑛
𝐻, 𝑥, 𝑦) = 2𝑛(𝑛 − 1)(𝑥𝑦)2 [

𝑦𝑛−2

𝑛 − 1
+

𝑥𝑦

4
+ 𝑦 + 1] (11)

 

Proof: We see that |𝑉(𝑆𝑛
𝐻)| = 3𝑛 + 1 and |𝐸(𝑆𝑛

𝐻)| = 4𝑛. On the other hand, |𝐸 (𝑆𝑛
𝐻)| =

(3𝑛+1
2

) − |𝐸(𝑆𝑛
𝐻)| = 

𝑛(9𝑛−5)

2
. Vertices of 𝑆𝑛

𝐻 have degrees 2,3 , and 𝑛, so based on degree 𝑉(𝑆𝑛
𝐻) 
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can be classified into class: 𝑛2 = 2𝑛, 𝑛3 = 𝑛 and 𝑛𝑛 = 1. Then by using the above information 

and Lemma 1.1 we have the following table: 

Table 4: Edge partitions and number of edges of 𝑆𝑛
𝐻 and 𝑆𝑛

𝐻. 

(𝑖, 𝑗) = (𝑑𝐺(𝑢), 𝑑𝐺(𝑣)) 𝑚𝑖,𝑗 𝑚‾ 𝑖,𝑗 

(2,2) 𝑛 2𝑛(𝑛 − 1) 

(2,3) 2𝑛 2𝑛(𝑛 − 1) 

(2, 𝑛) 0 2𝑛 

(3,3) 0 (
𝑛

2
) 

(3, 𝑛) 𝑛 0 

(𝑛, 𝑛) 0 0 

∑∑ 4𝑛 
𝑛(9𝑛 − 5)

2
 

 

Then, 

𝑀(𝑆𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝑆𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝑆𝑛

𝐻)

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗

 = 𝑛(𝑥𝑦)2 + 2𝑛𝑥2𝑦3 + 𝑛𝑥3𝑦𝑛

 = 𝑛(𝑥𝑦)2[𝑥𝑦𝑛−2 + 2𝑦 + 1].

 

And, 

𝑀‾ (𝑆𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝑆𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝑆𝑛

𝐻)

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗

 = 2𝑛(𝑛 − 1)(𝑥𝑦)2 + 2𝑛(𝑛 − 1)𝑥2𝑦3 + 2𝑛𝑥2𝑦𝑛 + (
𝑛

2
) (𝑥𝑦)3

 = 2𝑛(𝑛 − 1)(𝑥𝑦)2 [
𝑦𝑛−2

𝑛 − 1
+

𝑥𝑦

4
+ 𝑦 + 1] .
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Definition 2.5 Let 𝑊𝑛 be a Wheel with vertex set {𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛, 𝑢𝑛+1}. We define a new 

graph Hat-Wheel 𝑊𝑛
𝐻 by adding new vertices {𝑣1, 𝑣2, 𝑣3, … , 𝑣2𝑛} and edges 

{𝑢𝑖𝑣2(𝑖−1), 𝑢𝑖𝑣2𝑖−1, 𝑣2𝑖−1𝑣2𝑖; 𝑖 = 1,2,3, … , 𝑛 and 𝑣0 = 𝑣2𝑛}. The new graph 𝑊𝑛
𝐻 has 3𝑛 + 1 

vertices and 5𝑛 edges with diameter 4 (see Figure 5 ). 

 

Figure 5: The Hat-Wheel graph 𝑊𝑛
𝐻 

Theorem 2.5 The M-polynomial and CoM-polynomial of 𝑊𝑛
𝐻 are: 

𝑀(𝑊𝑛
𝐻, 𝑥, 𝑦) = 𝑛(𝑥𝑦)2[𝑥3𝑦𝑛−2 + (𝑥𝑦)3 + 2𝑦3 + 1] (12)

𝑀‾ (𝑊𝑛
𝐻, 𝑥, 𝑦) = 2𝑛(𝑥𝑦)2 [𝑦𝑛−2 +

𝑛 − 3

4
(𝑥𝑦)3 + (𝑛 − 1)𝑦3 + 𝑛 − 1] (13)

 

Proof: We see that |𝑉(𝑊𝑛
𝐻)| = 3𝑛 + 1 and |𝐸(𝑊𝑛

𝐻)| = 5𝑛. On the other hand, |𝐸 (𝑊𝑛
𝐻)| = 

(3𝑛+1
2

) − |𝐸(𝑊𝑛
𝐻)| =

𝑛

2
[9𝑛 − 7]. Vertices of 𝑊𝑛

𝐻 have degrees 2,5 , and 𝑛, so based on degree 

𝑉(𝑊𝑛
𝐻) can be classified into class: 𝑛2 = 2𝑛, 𝑛5 = 𝑛 and 𝑛𝑛 = 1. Then by using the above 

information and Lemma 1.1 we have the following table: 
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Table 5: Edge partitions and number of edges of 𝑊𝑛
𝐻 and 𝑊𝑛

𝐻. 

(𝑖, 𝑗) = (𝑑𝐺(𝑢), 𝑑𝐺(𝑣)) 𝑚𝑖,𝑗 𝑚‾ 𝑖,𝑗 

(2,2) 𝑛 2𝑛(𝑛 − 1) 

(2,5) 2𝑛 2𝑛(𝑛 − 1) 

(2, 𝑛) 0 2𝑛 

(5,5) 𝑛 
𝑛(𝑛 − 3)

2
 

(5, 𝑛) 𝑛 0 

(𝑛, 𝑛) 0 0 

∑ 5𝑛 
𝑛

2
[9𝑛 − 7] 

 

Then, 

𝑀(𝑊𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝑊𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝑊𝑛

𝐻)

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗

 = 𝑛(𝑥𝑦)2 + 2𝑛𝑥2𝑦5 + 𝑛(𝑥𝑦)5 + 𝑛𝑥5𝑦𝑛

 = 𝑛(𝑥𝑦)2[𝑥3𝑦𝑛−2 + (𝑥𝑦)3 + 2𝑦3 + 1].

 

And, 

𝑀‾ (𝑊𝑛
𝐻, 𝑥, 𝑦) = ∑  

𝛿(𝑊𝑛
𝐻)≤𝑖≤𝑗≤Δ(𝑊𝑛

𝐻)

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗

 = 2𝑛(𝑛 − 1)(𝑥𝑦)2 + 2𝑛(𝑛 − 1)𝑥2𝑦5 + 2𝑛𝑥2𝑦𝑛 +
𝑛(𝑛 − 3)

2
(𝑥𝑦)5

 = 2𝑛(𝑥𝑦)2 [𝑦𝑛−2 +
𝑛 − 3

4
(𝑥𝑦)3 + (𝑛 − 1)𝑦3 + 𝑛 − 1] .
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Definition 2.6 Let 𝐾𝑛,𝑚 be a Complete bipartite graph ( 𝑛, 𝑚 ≥ 2 ) with vertex set 

{𝑢1, 𝑢2, 𝑢3, … , 𝑢𝑛, 𝑢1
′ , 𝑢2

′ , 𝑢3
′ , … , 𝑢𝑚

′ }. We define a new graph Hat-Complete bipartite 𝐾𝑛,𝑚
𝐻  by 

adding new vertices {𝑣1, 𝑣2, 𝑣3, … , 𝑣2(𝑛+𝑚)} and edges 

{𝑢𝑖𝑣2𝑖−1, 𝑢𝑖𝑣2𝑖; 𝑖 = 1,2,3, … , 𝑛}⋃{𝑢𝑗
′𝑣2(𝑛+𝑗)−1, 𝑢𝑗

′𝑣2(𝑛+𝑗); 𝑗 = 1,2, … , 𝑚} 

⋃{𝑣2𝑖𝑣2𝑖+1; 𝑖 = 1,2, … , 𝑛 + 𝑚 and 𝑣2(𝑛+𝑚)+1=𝑣1
}. The new graph 𝐾𝑛,𝑚

𝐻  has 3(𝑛 + 𝑚) vertices 

and 3(𝑛 + 𝑚) + 𝑛𝑚 edges with diameter 4 (see Figure 6). 

 

Figure 6: The Hat-Complete bipartite graph 𝐾𝑛,𝑚
𝐻  

 

Theorem 2.6 The M-polynomial and CoM-polynomial of 𝐾𝑛,𝑚
𝐻  are: 

𝑀(𝐾𝑛,𝑚
𝐻 , 𝑥, 𝑦) = (𝑥𝑦)2[𝑛𝑚𝑥𝑛𝑦𝑚 + 2𝑚𝑦𝑛 + 2𝑛𝑦𝑚 + 𝑛 + 𝑚] (14) 

𝑀‾ (𝐾𝑛,𝑚
𝐻 , 𝑥, 𝑦) = (𝑥𝑦)2 [2(𝑛 + 𝑚 − 1)(𝑛𝑦𝑚 + 𝑚𝑦𝑛 + (𝑛 + 𝑚)) + (

𝑛

2
) (𝑥𝑦)𝑚 + (

𝑚

2
) 𝑥𝑛𝑦𝑚] (15) 

Proof: We see that |𝑉(𝐾𝑛,𝑚
𝐻 )| = 3(𝑛 + 𝑚) and |𝐸(𝐾𝑛,𝑚

𝐻 )| = 3(𝑛 + 𝑚) + 𝑛𝑚. On the other 

hand, |𝐸 (𝐾𝑛,𝑚
𝐻 )| = (3(𝑛+𝑚)

2
) − |𝐸(𝐾𝑛,𝑚

𝐻 )| =
1

2
[9(𝑛2 + 𝑚2) − 9(𝑛 + 𝑚) + 16𝑛𝑚]. Vertices of 

𝐾𝑛,𝑚
𝐻  have degrees 2, 𝑛 + 2, and 𝑚 + 2, so based on degree 𝑉(𝐾𝑛,𝑚

𝐻 ) can be classified into class: 

𝑛2 =
=

2(𝑛 + 𝑚), 𝑛𝑛+2 = 𝑚 and 𝑛𝑚+2 = 𝑛. Then by using the above information and Lemma 1.1 

we have the following table: 
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Table 6: Edge partitions and number of edges of 𝐾𝑛,𝑚
𝐻  and 𝐾𝑛,𝑚

𝐻 . 

(𝑖, 𝑗) = (𝑑𝐺(𝑢), 𝑑𝐺(𝑣)) 𝑚𝑖,𝑗 𝑚‾ 𝑖,𝑗 

(2,2) 𝑛 + 𝑚 2(𝑛 + 𝑚)(𝑛 + 𝑚 − 1) 

(2, 𝑛 + 2) 2𝑚 2𝑚(𝑛 + 𝑚 − 1) 

(2, 𝑚 + 2) 2𝑛 2𝑛(𝑛 + 𝑚 − 1) 

(𝑛 + 2, 𝑚 + 2) 0 (
𝑚

2
) 

(𝑛 + 2, 𝑚 + 2) 𝑛𝑚 0 

(𝑚 + 2, 𝑚 + 2) 0 (
𝑛

2
) 

∑ 3(𝑛 + 𝑚) + 𝑛𝑚 
1

2
[9(𝑛2 + 𝑚2) − 9(𝑛 + 𝑚) + 16𝑛𝑚] 

 

Then, 

𝑀(𝐾𝑛,𝑚
𝐻 , 𝑥, 𝑦) = ∑  

𝛿(𝐾𝑛,𝑚
𝐻 )≤𝑖≤𝑗≤Δ(𝐾𝑛,𝑚

𝐻 )

 𝑚𝑖,𝑗𝑥𝑖𝑦𝑗

 = (𝑛 + 𝑚)(𝑥𝑦)2 + 2𝑚𝑥2𝑦𝑛+2 + 2𝑛𝑥2𝑦𝑚+2 + 𝑛𝑚𝑥𝑛+2𝑦𝑚+2

 = (𝑥𝑦)2[𝑛𝑚𝑥𝑛𝑦𝑚 + 2𝑚𝑦𝑛 + 2𝑛𝑦𝑚 + 𝑛 + 𝑚]

 

And, 

𝑀‾ (𝐾𝑛,𝑚
𝐻 , 𝑥, 𝑦) = ∑  

𝛿(𝐾𝑛,𝑚
𝐻 )≤𝑖≤𝑗≤Δ(𝐾𝑛,𝑚

𝐻 )

 𝑚‾ 𝑖,𝑗𝑥𝑖𝑦𝑗

 = 2(𝑛 + 𝑚)(𝑛 + 𝑚 − 1)(𝑥𝑦)2 + 2𝑚(𝑛 + 𝑚 − 1)𝑥2𝑦𝑛+2 + 2𝑛(𝑛 + 𝑚 − 1)𝑥2𝑦𝑚+2

 + (
𝑚

2
) 𝑥𝑛+2𝑦𝑚+2 + (

𝑛

2
) (𝑥𝑦)𝑚+2

 = (𝑥𝑦)2 [2(𝑛 + 𝑚 − 1)(𝑛𝑦𝑚 + 𝑚𝑦𝑛 + (𝑛 + 𝑚)) + (
𝑛

2
) (𝑥𝑦)𝑚 + (

𝑚

2
) 𝑥𝑛𝑦𝑚] .
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M-polynomial and CoM-polynomial of Hat-graphs 

 أكار حسن كريم 1 ، نبيل عزالدين عارف 2

 

 1 قسم الرياضيات، كلية العلوم، جامعة السليمانية، السليمانية، إقليم كردستان العراق، العراق

 2 قسم الرياضيات، كلية علوم الحاسب والرياضيات، جامعة تكريت، تكريت، العراق

 المستخلص

من أهم كثيرات الحدود الرسومية المعتمدة على الدرجة،  polynomial-CoM وكثيرات  polynomial-M يعتبر كثيرات 

حيث يمكننا من خلالها الحصول على جميع المؤشرات الطوبولوجية والمؤشرات المشتركة المعتمدة على الدرجة تقريبًا. في 

الرسوم البيانية الجديدة المحددة من الرسوم البيانية الأساسية المعروفة،  هذه المقالة، سيتم حساب هذين كثيري الحدود لبعض

عن طريق إضافة  graphs-Hat. تم إنشاء الرسوم البيانية graphs-Hat وستعرف هذه الرسوم البيانية باسم الرسوم البيانية 

اصة التي كانت أساس هذه الرسوم البيانية رؤوس وحواف جديدة للرسوم البيانية الأساسية بطريقة خاصة. الرسوم البيانية الخ

 Path ،Cycle ،Complete ،Star ،Wheel ،.Complete bipartiteالجديدة هي 

 

 

http://creativecommons.org/licenses/by-nc/4.0/

