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ARTICLE INFO ABSTRACT

Keywords The M-Polynomial and CoM-polynomial are considered as two of the
Graph Polynomial, most important degree-based graph polynomials, since from them we
M-Polynomial, can obtain almost all degree based topological indices and coindices
CoM-Polynomial, respectively. In this paper these two polynomials will be computed for
Hat-graph. some new defined graphs from the basic well-known graphs, such

graphs will be known as hat-graphs. Hat-graphs have been constructed
by adding new vertices and edges for the basic graphs in a special way.
The special graphs that have been the base of these new graphs are

path, cycle, complete, star, wheel, and complete bipartite graph.
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1. Introduction

A simple connected graph G consists of two sets; V (G) is the set of vertices, and E(G) is the set
of unordered pairs of elements of V(G) called edges [1.-3]. The number of vertices and edges of
G determine it's order and size, which are represented by n, m respectively. Two vertices are called
adjacent if the have an edge between them, by degree of a vertex v we mean the number of all
edges incident to v, which is denoted by d;(v). The complement of a graph G is a new graph G

having the vertex set V(G), two vertices are adjacent in G iff they are not adjacent in G, and the

set of all edges of G is denoted by m[l — 3]. By an i-vertex we mean a vertex of degree i, n; is
the number of i-vertices and (i, j)-edge refers to an edge joining an i-vertex to a j-vertex [4, 5]. A
graph in which every pair of vertices are adjacent is called Complete graph and denoted by K,,[2].
A graph in which every vertex has a degree r, (r € N) is called r-regular [3]. A connected graph
with order n which is 2 -regular is called Cycle and denoted by C,, [1]. Path graph P, is obtained
from C, by removing an edge, while the graph obtained from C,, by adding a new vertex and
joining all n vertices of C,, to the new vertex is called Wheel and denoted by W, [1]. A complete
bipartite graph K, ,,, with order n + m is a graph that vertex set can be partition in two two sets V/;
and V, such that, no two vertices in the same partition are adjacent and every vertex of V; is
adjacent to every vertices of V,. In particular, the Star graph S,, is the complete bipartite graph K ,,
[1,2]. A graph invariant with polynomial values are graph polynomial [6]. Many polynomials
have been introduced such as chromatic polynomial whose values give the number of coloring of
the graph properly with a given number of colors [7], Hosoya polynomial based on distances [8,
9], characteristic polynomial based on the matrix of graphs [10], M-polynomial and CoM-
polynomial based on degrees [11, 12], etc. In this research we focus on M-polynomial, CoM-
polynomial and compute them for certain graphs. The M-Polynomial is an important degree based
graph polynomial which was defined by Deutsch and Klavzar in 2015 [11]. For a graph G, the M-

Polynomial is defined as:

MGxy)= ) myly) (1)
6(G)<i<sjsA(G)

where m; ; is the number of (i, j)-edges and 6 (G), A(G) represent minimum and maximum degrees

of vertices of G respectively [11]. There are many studies about the M-Polynomial including

This article is an open access article distributed under 2

the terms and conditions of the Creative Commons Attribution-
NonCommercial 4.0 International (CC BY-NC 4.0 license)

(

hi

ttp://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

A.H. Karim &, N.E. Arif Bas ] Sci 43(1) (2025)1-17

computation of M-Polynomial for Some composite graphs, book graph and some nanostructures
graph in [13-15]. Additionally, Basavanagoud et al. calculated the M-Polynomial of some graph
operations and cycle related graphs in [16]. In contrast to other graph polynomials this polynomial
makes it simple to compute more than one topological index, including Atom bond connectivity
index, Geometric connectivity index and more indices by using specific derivative, integral, or
some times both. [11, 14-16] provide formulas for computing those indices from the M-
Polynomial. In 2022 the concept of M-Polynomial extended for non-adjacent pair of vertices by
Kirmani et al. They defined a new polynomial called CoM-Polynomial [12], since then some
publications can be found on this polynomial such as [12, 17--20]. The CoM-Polynomial of a

graph G is defined as:

CoM(G,x,y) = M(G,x,y) = z m; jxty’ (2)
8(G)<i=j<A(G)
where 1 ; is the number of all pairs of vertices (u, v) with dq(u) = i, and dg(v) = j such that
uv & E(G) thatis; m; ; =| {uv € E(G);ds(u) = iand dg(v) = j} | and §(G),A(G) are
minimum and maximum degrees of vertices of G respectively [12, 17]. While computing m; ; the

following Lemma is helpful,

Lemma 1.1 [5] Let G be a connected graph of order n. Then

n(n —1)
ﬁll’,j = 2
nl-nj — ml-,j if i <]

(3)

2. Main Results

In this section some new special graphs will be constructed from the well-known basic graph by
adding new vertices and edges in a special way, these graphs will be known as Hat-graphs.

Moreover, the M-polynomial and Co-M-polynomial will be computed for each such graphs.

Definition 2.1 Let K,, be a Complete graph with vertex set {u,, u,, us, ..., u,}. We define a new
graph HatComplete K by adding new vertices {vy, v, V3, ..., V5, } and edges
{uivz(i_l),uivzl-_l, Vyi_1Vyi 1 = 1,2,3,...,nand vy = v,,}. The new graph K has 3n vertices

and @ edges with diameter 3 (see Figure 1).
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Figure 1: The Hat-Complete graph KX

Theorem 2.1 The M-polynomial and CoM-polynomial of KX are:

n—1
MUKH, 2,7) = n(x)? [F= G + 2y + 1] 0

MK, x,y) = 2n(n — 1) (xy)* (" 1 + 1) (5)

Proof: We see that |V (KX)| = 3nand |[E(K)| = @ On the other hand, |E (K_f{)| =) -

|E(KI)| = 4n(n — 1). Vertices of K} have degrees 2, and n + 1, so based on degree V (K2)
can be classified into class: n, = 2n, and n,,,; = n. Then by using the above information and

Lemma 1.1 we have the following table:
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Table 1: Edge partitions and number of edges of K and K_,’;I

(i,)) = (dg(w),dg(v)) m; my,
(2,2) n 2n(n—1)
Zn+1) 2n 2n(n—1)
n
n+1,n+1) (2) 0
5 n(n2+ 5) 4n(n—1)
Then,
M(KE, x,y) = Z m; jxty’
§(ki)<izj=A(kH)
n
— n(xy)z + znxzyn+1 + (2) (xy)n+1
-1
=n(xy)? + 2nx?y™t! + —n(n2 ) (xy)nt1
n—1
= n(xy)? [ > (ey)r 1+ 2y 1 4 1] :
And,
M(KH, x,y) = Z m; jxty’
§(ki)<isj=A(ki)

=2n(n—1)(xy)? +2n(n — Dx2y"*1 + 0

=2n(n — D> ("' + 1.
Definition 2.2 Let P, be a Path with vertex set {u,, u,, us, ..., u,, }. We define a new graph Hat-
Path P by adding new vertices {vy, v,, V3, ..., Van—1y} and edges {u;v(i-1y, uivai_1; i =
2,3,..,n—1and } U {uyv;, u,vy(n-1)}. The new graph P has 3n — 2 vertices and 4(n — 1)

edges with diameter n + 1 (see Figure 2).
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Figure 2: The Hat-Path graph P

Theorem 2.2 The M-polynomial and CoM-polynomial of P are:

M(P,x,y) = (xy)*[(n = 3)x* + 2(n—1))y* + n+ 1] (6)

_ n®>—7n+12
M(Pf'ny) = (xy)z - 5

> (xy)? + (2n? —6n + 2)y? + 2n* — 2n — 1] (7)

Proof: We see that [V (PH)| = 3n — 2 and |E(BH)| = 4(n — 1). On the other hand, |E (ﬁ)| =

(3”2"2) —|E(PH)| = w. Vertices of P have degrees 2, and 4, so based on degree

V(P can be classified into class: n, = 2n, and n, = n — 2. Then by using the above

information and Lemma 1.1 we have the following table:

Table 2: Edge partitions and number of edges of B and PX.

(@) = (de(w), d¢(v)) m;; m;;
(2,2) n+1 2n?—-2n—-1
2,4) 2(n—1) | 2n(n—3)+2
n—3
(4,4) n—3 ( 3 )
9n? —23n + 14
D 4(n—1) 5

Then,
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M(B],x,y) = Z m; jxty’
s(p=izj=a(PiD)
=M+ D)+ 2(n— Dx?y* + (n—3)(xy)*
= (xy)?[(n—=3)x?+2(n—1))y? +n+1].

And,
M(BH, x,y) = Z my jxty’
s(pi=izj=a(Pi)
n—3
= (2n% = 2n— 1) (xy)* + [2n(n — 3) + 2]x%y* + ( ) ) (xy)*
n?—7n+12
= (xy)? lf (xy)? + (2n? —6n+ 2)y? + 2n? — 2n — 1] .

Definition 2.3 Let C,, be a Cycle with vertex set {u,, u,, us, ..., u,}. We define a new graph Hat-
Cycle CH by adding new vertices {v,, v,, 3, ..., V55, } and edges {uivz(i_l),uivzl-_l, Voi—1Vai;
i =1,2,3,..,nand v, = v,,}. The new graph CH has 3n vertices and 4n edges with diameters

+4 . . +3 . . .
"T when n is an even integer and "T when n is an odd integer (see Figure 3).

Van—1

V2(n—-1)

V4

)
Us

Figure 3: The Hat-Cycle graph C
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Theorem 2.3 The M-polynomial and CoM-polynomial of C} are:

M(CY, x,y) = n(xy)?[(xy)? + 2y* + 1] (8)
n_

W(Cl, % y) = 2nCey)? [ ) + (= 1y = 1] 9

Proof: We see that |V (CH)| = 3n and |E(CH)| = 4n. On the other hand, |E (@)| =) -

|[E(CIH| = @ Vertices of CH have degrees 2, and 4, so based on degree V(CH) can be

classified into class: n, = 2n, and n, = n. Then by using the above information and Lemma 1.1

we have the following table:

Table 3: Edge partitions and number of edges of € and @

() = (de(W),de(v)) | My, m;;
(2,2) n 2n(n—1)
(2,4) n | 2n(n-1)
(4,4) n nn-3)
2
5 in n(9n — 11)
2
Then,
M(CH,x,y) = Z m; jxty’
s(cih=izj=a(clh)
=n(xy)? + 2nx%y* + n(xy)*
=n(x)?[(x)? + 2y* + 1].
And,
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M(C#;x;:)’) = Z mi,jxiyj
s(c=isj=a(cH)
=2n(n—1)(xy)* + 2n(n — Dx°y* + T(xy)
n—3
= 2n(xy)? [ Z (xy)?+ (n—1y? +n—1].

Definition 2.4 Let S,, be a Star with vertex set {u;, u,, us, ..., Un, U,+1}. We define a new graph
Hat-Star S¥ by adding new vertices {v;, v,, v3, ..., V5, } and edges
{wiv23i-1), WiVai1, Vai—qVais T = 1,2,3, ..., nand vy = vy, }. The new graph Sf has 3n + 1

vertices and 4n edges with diameter 4 (see Figure4).

Van a

V2(n-1)

U2(n—1)-1

Vg Ug

Figure 4: The Hat-Star graph S

Theorem 2.4 The M-polynomial and CoM-polynomial of S¥ are:

M(SH, %, y) =n(xy)?[xy™ 2 + 2y + 1] (10)
i [y xy
M(S,;, x,y) = 2n(n — 1)(xy) m+7+y+1 (11)

Proof: We see that [V (SH)| = 3n + 1 and |E(S/)| = 4n. On the other hand, |E (§)| =

Ct) - 1ESDI = @ Vertices of S have degrees 2,3, and n, so based on degree V (S)
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can be classified into class: n, = 2n,n; = n and n,, = 1. Then by using the above information

and Lemma 1.1 we have the following table:

Table 4: Edge partitions and number of edges of S/ and E

@) = de(w),de(v)) | My, m;,;
(2,2) n 2n(n—1)
(2,3) 2n | 2n(n—1)
(2,n) 0 2n
n
(3,3) 0 ( 2)
3,n) n 0
(n,n) 0 0
» 4n n(9n —5)
2
Then,
M(SH,x,y) = Z m; ;x'y’
§(sH)=isj=A(sH)
=n(xy)? + 2nx%y3 + nx3y"
= n(xy)?[xy™" % + 2y + 1].
And,
M(SH,x,y) = Z m; jxty’
s(si=isjsa(sH)

=2n(n— 1) (xy)? + 2n(n — 1)x?y3 + 2nx?y™ + (Tzl) (xy)3

n-—2

y xy
=2 -1 2 — 1.
n(n—1)(xy) ln—1+ 2 +y+ l
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Definition 2.5 Let W, be a Wheel with vertex set {u,, u,, us, ..., Uy, Uy4+1}. We define a new
graph Hat-Wheel W;H by adding new vertices {v,, v,, V3, ..., V5, } and edges
{wivaai-1y, WiVai1, Vai—1 V251 = 1,2,3, ..., n and vy = vy, }. The new graph Wi has 3n + 1

vertices and 5n edges with diameter 4 (see Figure 5).

Figure 5: The Hat-Wheel graph W,#

Theorem 2.5 The M-polynomial and CoM-polynomial of W, are:

MW, x,y) = n(xy)?[x3y" 2 + (xy)® + 2y° + 1] (12)

n—3
)2+ -1y +n-— 1] (13)

MWH,x,y) = 2n(xy)? |y~ +—

Proof: We see that [V (W,7)| = 3n + 1 and |E(W,})| = 5n. On the other hand, |E (W_,f')| =
CY) - IEW| = §[9n — 7]. Vertices of W,/ have degrees 2,5, and n, so based on degree

V(W,H) can be classified into class: n, = 2n,ns = n and n,, = 1. Then by using the above

information and Lemma 1.1 we have the following table:
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Table 5: Edge partitions and number of edges of W, and W_,f’

@) = de(w),de(v)) | My, m
(2,2) n 2n(n—1)
(2,5) 2n | 2n(n—1)
(2,n) 0 2n
(5,5) n nn-3)
2
(5,n) n 0
(n,n) 0 0
n
» sn | 5[9n—7]
Then,
MW, x,y) = Z m; jxty’

s(wi)zisjza(wi)
=n(xy)? + 2nx%y® + n(xy)® + nxSy"
=n(xy)?[x*y" 7 + (x)° + 2y° + 1].

And,
MW, x,y) = Z m; jx'y’
s(wi)=zizj=a(wi)
n(n—3)
=2n(n — 1) (xy)? + 2n(n — 1)x%y> + 2nx?y™ + — (xy)®

n—3 3 1)v? 1
2 xy)>>+(n—-1Dy>+n-— ]

= 2n(xy)* [y"‘z +
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Definition 2.6 Let K, ,, be a Complete bipartite graph (n,m > 2') with vertex set

{uy, Uy, Us, ..., Uy, ug, ub, U, ..., U, }. We define a new graph Hat-Complete bipartite K7, by
adding new vertices {vy, v,, V3, ..., Vynemy } @nd edges

{wvai-1, w251 = 1,2,3, ., MIU{Wj Vo004 -1, W2y ) = 1.2, 0, m)

U{vaivai415 1 = 1,2, ., + mand vy(nimy+12v, . The new graph K, has 3(n + m) vertices

and 3(n + m) + nm edges with diameter 4 (see Figure 6).

U2 v3 Vg Us V2(n—1) V2n-1
Ui Un,
(]
Von
V2(n+m) Va(nt1)—1

!

'14’2(‘;14_1;4)—1 /UQ(-rLJr-n'zf'l;- 1"2(n+2)71 fU‘Z(n-le)
Figure 6: The Hat-Complete bipartite graph K.,
Theorem 2.6 The M-polynomial and CoM-polynomial of K, are:
M(K,’Zm, X, y) = (xy)?[nmx™y™ + 2my™ + 2ny™ + n + m] (14)

M(KH,, x,y) = (xy)? [Z(n +m—1Dny™+my™+ (n+m)) + (721) (xy)™ + (7;1) x”ym] (15)

Proof: We see that |V (Ki,,,)| = 3(n + m) and |E(KH,,,)| = 3(n + m) + nm. On the other
hand, |E (@N = (3t — |E(KH,)| = %[9(712 +m?) — 9(n +m) + 16nm]. Vertices of
K., have degrees 2,n + 2, and m + 2, so based on degree V(K2,,) can be classified into class:

n, = 2(n+m),n,,, = mand n,,,, = n. Then by using the above information and Lemma 1.1

we have the following table:
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Table 6: Edge partitions and number of edges of K2, and K.

(.,)) = (de¢(w), d¢(v)) mi,; m;

(2,2) n+m 2(n+m)(n+m-—1)
(2,n+2) 2m 2m(n+m—1)
(2,m+2) 2n 2n(n+m—1)

n+2,m+2) 0 (Zl)
(n+2,m+2) nm 0
(m+2,m +2) 0 (Z)
3 3(n+m) +nm %[9(712 +m?) —9(n +m) + 16nm]

Then,
M(KTIZTH’ X, _'V) = mi’jxiyj
8(kH n)sisjsa(kH )
= (n+ m)(xy)? + 2mx?y™*? 4 2nx?y™*2 + nmxnt2ymt2
= (xy)?[nmx"y™ + 2my™ + 2ny™ + n + m]
And,
M(K,‘Zm,x, 3’) = Z mi,jxiyj
S(ki)<i<j=A(ki,)

=2m+m)(n+m—1)(xy)? +2mn +m— Dx%y"*? + 2n(n + m — 1)x2y™*+?2
m n
n+2,,m+2 m+2
+(2)x y +(2)(xy)

= (xy)? [Z(n +m—-1D)ny™+my™+ (n+m)) + (121) (xy)™ + (r;) x"ym] _
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M-polynomial and CoM-polynomial of Hat-graphs
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