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1. Introduction

Mathematical models are crucial for improving that how accurate is the biotechnological
process, and differential equations are often employed in many branches of science and
engineering to represent complicated physical events [1, 2]. Integral transforms are currently
regarded among the significant mathematical methods to find solutions of complex problems in
science, technology, engineering and finance because of its important characteristic which convert
a complicated problem to a simpler one. The potential of integral transforms to give the exact
solutions of problems without requiring lengthy calculations is a crucial feature and advantage.
Investigating new integral transforms are of much interest of researchers, but the application of
these transforms in diverse fields, equations in different domains, are also significant and
considered as aim of researchers. Very recently, Hozan Hilmi, et al [3] used Sawi transform and
sequential approximation method for exact and approximate solution of Multi-Higher order
fractional differential equations. Then, Aggarwal et al [4] applied Mahgoub transform to solve
growth and decay problems. Moreover, Saadeh et al [5] used double formable integral transform for
solving heat equations via using numerical examples. Giingor [6] applied Kharrat-Toma transform
for solving linear Volterra integral equations. A new transform which is called Rishi transform
introduced by R.Kumar et al [7] that also used to solve multi-higher order fractional differential
equations by Ali Turab et al [8]. In our study, Rishi transform is used to find the analytical solutions
of differential equations of growth and decay problems. The paper is organized as following,
Section two contain preliminaries. In section three Rishi transform is utilized for problems of
growth and decay. Applications are drawn analytically and graphically in section four and the last

section gives the conclusion.

2. Preliminaries

This section, present the definition of Rishi transform m and provide the preliminary concepts
required to solve the growth and decay problems.
Definition 1: [7, 8] Rishi transform defines the exponentially-order piecewise continuous function

y(t) on the interval [0, o) as follows:

o

R{y(t)} =Y(¢,0) = (%)f y(t)e_(g)tdt, e>0,0>0andt=>0

Also, the inverse Rishi transform is:
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y(®) = R7U[Y (0,8)] = R} [(%) fo

o

the R~1will be the inverse of the R Rishi transform.

Remark: According to the definition, it can be applied to some continuous functions are as follows

[8-10] :

y(t)e_(g)tdtl

i.  Apply the Rishi transformation for some fundamental functions is as follows:

y@),t>0 R{y()} =Y(&0) y(@),t>0 R{y(t)} =Y(g 0)
1 (2)2 sinrt ro3
3 e(e? +r20?)
e’ o? cosrt o?
(e —ro) (2 + 0%r?)
t" neN o\"t?2 sinhrt ro3
g -
€ e(e? —r2o?)
0(’ _1, E ]:R o a+2 h t 2
t* a > a F(a+1)(—) coshr o
€ (£2 — g2r2)

ii.  Apply inverse the Rishi transformation for some fundamental functions is as follows:

Y (¢ 0) R UY(g,0)} = y(t) Y(g 0) R YY(g,0)} = y(t)

(g)z 1 ro3 sinrt
€ e(e?2 +r20?)

o? e o? cosrt
(e —ro) (2 4+ 0%r?)

o\"t+?2 t"neN ro3 sinhrt
0 -
€ (g2 —r202)

a+2 a -1 ER 2

e +1) (_) t a>—-1,a o coshrt

€ (£2 — g212)

iii.  Linearity property of Rishi transform and inverse Rishi transform.
If R{y(t)} =Y(g,0) and R{x(t)} = X(¢,0), then

Riay(t) + bx(t)} = aR{y(t)} + bR{x(t)} = aY(¢,0) + bX (¢, 0)
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Also relative to the inverse Rishi transform, it will be as follows:

If y(t) = R71[Y(&,0)] and x(t) = R7[X (g, 0)], then
ay(t) + bx(t) = aR™[Y(g,0)] + bR [X (& 0)],

where a, b are arbitrary constant.

Property 1: [8] For the integer order derivative of y(t), the Rishi transformation is:

m-—1

2y™©)=() ven-Y ©)

k=0

k-1
y™m179(0) (1)

3. Applying Rishi transform in problems of population growth and decay

Population growth model

We can mathematically describe the population expansion of a plant, cell, organ, or species by

using first order ordinary linear differential equation [11-14] as

dy_

i ky (2)

With initial condition y(t,) = y,, such that k € R*, y is the amount of people living at time t and

Y, IS the original population at t = t,,.
Equation (2) represents the population growth Malthusian law.

The following first order ordinary linear differential equation mathematically define decay

problem of the substance [14] as

dy_

— = —ky 3)

with initial condition y(t,) = v, where y is the substance amount at time t, k € R* and y, is the

initial substance amount at t = ¢,,.

The negative sign in the R.H.S of (3) is taken as the substance mass is declining over time, then

% should be negative.

A. Rishi transform for problem of population growth
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We introduce the Rishi transform for problem of the population increase in this part. Its
mathematical formulation is presented by (2)

Taking Rishi transform on each side of (2), we obtain

® {2 = kriy)

Now employing of the property 1, Rishi transform of derivative of function, on (2), we obtain
£\™m B £ k-1
Ry™©} = (%) Y(e0)-Ipgt (5)  y™179(0), we have m = 1

e £ k-1
So, we obtain ~Y (g, 0) — ym-l (—) ym=1-K)(0) = kR{y(t)}

EY i 0) =kY 4
~¥(e,0) —2¥(0) = k¥ (5,0) @

Using initial condition y(t,) = y, in (4) and on simplification, we have

2 2
(E-K)Y(e0) =230, (e~ ko) (5,0) =22 = ¥(e,0) = =22 ®

Operating inverse Rishi transform on each side of (5), we obtain

2
0"Yo

, o 9 P e/
RHY(g,0)} =R {e(s _ ka)} >y =R {g(s - ka)}

2

“—} > y(b) = yoet )
(e — ko)

y(t) =y R7" {
that is the population amount required at time t.

B. Rishi transform for decay problem

This section, shows Rishi transform for problem of decay which is expressed mathematically in

3).

Employing the Rishi transform on each side of (3), we obtain

dy
i = —kR{y () @
This article is an open access article distributed under 211

the terms and conditions of the Creative Commons Attribution-
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

H Hilmi et al. Bas ] Sci42(2) (2024)207-218

Now employing the property 1, Rishi transforms of derivative of function, on (7), we obtain

m-1 k-1
“vEa) - ) (5) vy = —kRE©)
k=0
~¥(e,0) = 2y(0) = ~kY(2,0) (8)

Using initial condition y(t,) = v, in (8) and on simplification, we have

2 2
(i + k) Y(e,0) = %3’0 = (e +ko)Y(e, 0) = % = Y(e0) = e((::l/coa) ®)

Operating inverse Rishi transformation on both sides of (9), we have

2 2
0"Yo

0" Yo - — - —02
m} =y =R {(Tka)} = ¥(6) =yoR {( T ka)}

= y(t) = yoe™ (10)

R Yy (g,0)}=R7? {

That is the population amount required at time t.
4. Applications

The benefit of the Rishi transforms for issues related to population growth and decay is illustrated
in a few cases provided in this section. In this work the applications are same with [14-17] except
that we changed the hypothetical values and illustrated them graphically. Also we illustrated
figures depending on the data. If we compare these figures with the analytical solutions, we obtain
the same result which makes this method more applicable.

Application 1: A city's population increases at a rate that is proportionate to the total number of
residents already residing there. If five years later, the population has grown by twofold and seven

years later the population are 40,000, calculate the initial number of people living in the city.
Solution: Mathematically, the problem might be expressed as:

dy_

i ky (11D
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where y is the total population of the city at time ¢t and k is the proportionality constant. Regarding

Yo as the original population living in the city at t = 0.
Now employing property 1, Rishi transforms of derivative of function, on (11), we obtain

&

R{y™ ()} = (f)m Y(e,0) — X0 (;)k_l yM=1-K)(0), we have m = 1

g

&

< k-1
So we obtain  ~Y (g, 0) — i (;) y™m=1-K)(0) = kR{y(t)}

€ o
—Y(g,0) ——y(0) = kY (¢, 0)
o &
Using initial condition y(t,) = y, in (4) and on simplification, we have
(E-k)Y(e0) =2y, = (e~ ko)Y(e,0) = 2= Y(e,0) = 222

e(e=ko)

Operating inverse Rishi transformation on both sides of above equation, we obtain

1 o1 a%y, 1 %Yo
REY(g o)) =R {s(s - ka)} =y =R {s(e - ka)}
y(© = ¥R 5] = ¥(0) = yoe™ (12)

Now at t = 4,y = 2y,, so using this in (12), we have
2Y0 = Yok = e =2
= k = 0.2ln2 = 0.1386 (13)
Now using the conditionat t = 7,y = 40,000, in (12), we obtain
40,000 = yye’* (14)
Replacing the value of k from (13) in (14), we obtain
40,000 = y,e7*01386 = 40,000 = 2.639y, = y, = 15,156

which are the population required who living in the city originally.
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Exponential Population Growth
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Fig. 1. Analytical solution of exponential population growth in a city.
Application 2: It is widely notable that the rate at which a radioactive material decays is related
to its concentration. Determine the radioactive substance's half-life if there are 100 milligrams of

it originally and it is seen that after five hours, the substance has lost 25% of its initial mass.

Solutions: This issue can be expressed mathematically as:

dy(t)
T —ky(t) (15)

where y is the radioactive material amount at time t and k is the proportionality constant.

Regarding y, as the initial radioactive substance amount at t = 0.

Now employing the property 1, Rishi transform of derivative of function, on (15), we have
. € _ € k-1
So we obtain ~Y (¢, 0) — X3y (E) yMm=1=0(0) = —kR{y(t)}
& o
;Y(s, o) — Ey(O) = —kY(g,0) (16)

Using initial condition y(t,) = v, in (16) and on simplification, we have

This article is an open access article distributed under 214

the terms and conditions of the Creative Commons Attribution-
NonCommercial 4.0 International (CC BY-NC 4.0 license)

(

hi

ttp://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

H Hilmi et al. Bas ] Sci42(2) (2024)207-218

£ o o2y, o2y,
(; + k) Y(e,0) =~yo. > (e+ko)Y(e,0) =—==>Y(g,0) = —~ (17)

£ e(e+ko)

Operating inverse Rishi transformation on each side of (17), we obtain

1 I a’yo —_ p-1 ﬂ
RHY(g,0)} =R {g(g T ka)} =y =R {g(e + ka)}

2

y(t) = yoR‘l{ } = y(t) = yoe (18)

e(e + ko)

Now at t = 5, the radioactive material has lost 25% of its initial mass 100 mg, thus y = 100 —

25 = 75, making use of this in (18), we obtain

75 = 100e 5% = ¢k = 0.75

=k =-0.21n0.75 = 0.057 (19)
We required t when y = % = % = 50 so from (18), we obtain
50 = 100e~*t (20)

Replacing the value of k from (19) in (20), we obtain
50 = 100e~0-057¢

= 0057t = 0.5

=>t= [n0.5

0.057

=t = 12.16 hours

That is the necessary half-life of the radioactive substance.
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Radicactive Decay Over Time
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Fig. 2. Analytical solution of a radioactive material decay over time.

5. Conclusions

Rishi transform was effectively implemented to address problems related to population growth

and decay. The applications presented in this study demonstrate the transform’s capability to

handle these issues with precision. Specifically, the results obtained from the Rishi transform were

compared against established models such as the exponential growth and decay model. The

comparison showed a high degree of accuracy, with the Rishi transform yielding results with least

possible error compared to traditional integral transforms. This evidence supports the efficacy of

the Rishi transform, suggesting its potential for future applications in various fields such as

science, technology, and medicine through the establishment of mathematical models.
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