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1. Introduction

Repeated measurements model is a term used to describe data in which the response variable for
each experimental unit is observed on multiple occasions and possibly under different
experimental conditions (see, vonesh and chinchilli) [15]. The repeated measurements model can
be used todetermine the effect of any factor on student performance Or to determine the most
effective teaching methods compared to the results obtained over many years. Confidence
intervals are a statistical measure used to determine the range of values that is likely to contain a
certain value of a population based on a sample taken from it. If the confidence intervals include
anull value, then there is no statistically significant difference between the factors in the repeated
measures model. otherwise, there is a statistically significant difference between the factors. If
there isn't a zero in the confidence intervals. This indicates that the repeated measurements model
factors have a minor but statistically significant difference. Confidence intervals are bigger in
populations and samples with more variability. Timm [14] studies 2 multivariate analysis of
variance of repeated measurements. Jones and narathong [5] study the estimation of the variance
and covariance components in linear models. Davidian and giltinan [1] study analysis of repeated
measurement data. Klonecki, and et al [6] study strictly positive estimators for variance
components. Klonecki and zontek [7] improved estimators for the simultaneous estimation of
variance components. Griffiths, and et al [3] study a comparison of the univariate and multivariate
multilevel models for repeated measures. Filipe [2] studies the components of a variance model
for the analysis of repeated measurements. Komarek and lesaffre [8] study the generalized linear
mixed model with a penalized gaussian mixture. Martin, and et al [12] studied the mixed model
for the analysis of repeated-measurement multivariate count data. Kori, and al-mouel [9] studied
the expected mean square rate estimation of the repeated measurements model. Kurisu and otsu
[10] study the linearization of the nonparametric deconvolution estimators for the repeated
measurements model. Liang and li [11] optimize repeated-measures analysis of variance.
Gokhale, and et al [4] used repeated measurements to predict cardiovascular risk in patients. Riaz,
and et al [13] studied a simple method to construct a circular repeated measurement design class.
The objective of this paper is to determine the confidence interval, the test statistic for the
hypothesis corresponding to each factor of the model considered, and the repeated measurements

model applied to an experiment.
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2. Setting up the model

The following model is used to analyze data and defined under different conditions.
Wik = L+ Tig) + Yjao + G HEijw (D)
where 5y is the response variable, TGy, Yjcx), and G are the random effects forall i = 1,..., x,
j=1,....,y;andk =1,...,zand €y is the randomerror foralli = 1,...,x,j =1,...,y,and k =
1,...,z.
By assuming that T i.i.d ~N(0,02), Yjgoi.i.d~N(0,0%), i ii.d~N(0,07), and
€jjx i.i.d ~N(0,02).
Now, by starting with this identity to partition SS;,c.;
Ui — U = (U5 — i) + (i — U5) + Gk — Ui

+ (Wije — Wi, — gk — Ui + Ui + Uy + U — )
it follows that SS., SS,, SS¢, and SS, are defined as follows

SSe = Ti1 Tl Thea (T, — B1)", S8y = Ty T Thea (B — 01)° -(2)
SSZ = i(=1 ijzl Zi=1(ll_',i.k - l-_p..k)zs .. (3)
and SS. = X4 Z]y=1 Yot (Wi = g — U — Ui + Ui, + U + 0y — lTJ)Z (4

3. Mean squares expectation

Expected mean square (EMS) is a statistical concept that is commonly used in the analysis of
variance (ANOVA) method. In simple terms, EMS is the expected value of certain statistics that
arise in partitions of sums of squares in ANOVA. It is utilized to determine the correct analysis
statistics and is an essential tool in experimental design. In ANOVA, EMS plays a vital role in

determining the appropriate test statistics.
— — \2
E(SSo) = X, X Xt E(Wy5. — U.)
— 2 _ _ 2 _ _\2
= D 2 B E (i) — Tio)” + (Vo —V0) + (8. —8.)°)

_ y (y-1)
=¥ 2 Vi > (z0% + 02 + 02)

=x(y — 1)(20% +0% + GE),
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SS¢

= ) (zo% + 6% + 02),

E(MS,) = E(
E(SSY) = 2is Z]y=1 Yk=1 E(‘Tj.jk - ‘I’.j.)z

= T T TE B (oo = 7i0)” + Cao —80)” + G —7)°)

12 1Zk 1(ZX1)( 2+GZ+G)

=y(z — 1(x0% + of + 02),

ss
E(MS,) =E (y(z—yl)) = (x0% + of + 02),

E(SSy) = Xt X Yot EWix — ¥.1)°
LY Xk E ((Tl() ~70) + @0 — L) + G- E..k)z)
12 1Zk 1(XX D (GT + yO'( + 02)

=z(x— 1)(c% + yo% +02),

E(MS;) = E(;25) = (02 +yof + o2),
E(SSe) = Xitq ijzl Yho (Wi — Wiy — U — Ui + Ui + Uy + P g — II_J)Z

_ _ - N2
=1 ijzl Yk=1 E(Gijk —€jj, —€jk — €k T €, TETEK— 6)

_ 2 - - - - = ~
= z E(Eijk — 2€ijk€ij. — 2€jKkE€jk — 2€ijk€ik T 2€ijk€i. + 2€5jkE; + 2€;kE k

2€11k€ + E + 261] jk + 261] €k — Zéi]'_éi_. - Zéllél - ZEij.E..k + 26116 + Eﬁk
+ ZE.jkEi.k - Zg.jkéi.. - Zg.jkg.j. - Zé.jké..k + ZE_'kE"_ + E%k - zgi.kgi.. - Zgi.ké.j.

— 26 k€ + 2€ k€ + € + 26, €; + 26, € — 26 €+ e + 2€;€ ) — 2€E.

+ € — 2e €.+ €2)
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=x-Dy-DE-1Dof

)=0§.

E(MSo) = E(

SSe

x-D)y-D(E-1

XyZ

4. Sum of square distribution

x-1)(y-1)(z-1)
= Z¥=1 ij=1 Zi:lLog

The distribution of each sum square is as follows

SS;

(zo2+0%+02) x(y-1)’

SSy

2, 2, 2
(XO‘Y+0'<+O'E

SS¢

(0‘%+y0‘%+0‘£

SS
and =

) NXSZI(Z—l)'
) ~X§(x—1)'

2
oz “Xx-D-D@E-D-

5. Analysis of variance

..(5)

...(6)

(7

(8)

In this section, the ANOVA table for the model is presented as follows:

Table 1.: Analysis of variance table

Source of D.F. SS | MS F-ratio F table value
Variance
Randomt | x(y—1) | SS; | MS; MS; F[x(y-1),(x-1)(y-1)(z-1);1-
MS, al
Randomy | y(z—1) | SS, | MS, MS, Fly(z-1),(x-1)(y-1)(z-1);1-«]
MS,
Random{ | z(x—1) | SS; | MS; MS, Flz(x-1),(x-1)(y-1)(z-1);1-a]
MS,
Error | (x-1)(y-1)(z-1) | SS. | MS,
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For each factor, the null hypotheses H¢, HY, and Hg are rejected by using F-ratio test statistics

MSy MSy o4 MS¢

YTRTIR, R which means that the corresponding factors Random z, Random y, and Random

¢ have active effect. Where, the null and alternative hypothesis for each factor is defined as

follows:
(9)H§: all zo? + o} = 0,and Hf: all za} + o7 > 0,
(10)H}: all xof + 07 = 0,and H): all xof + o > 0,
(11)HS: all 62 + yof = 0,and HS:all 62 + yof >0,
6. Confidence interval for variance components
In this section, the confidence interval for the variance of components is identified as follows:

SSe SS.

Theorem 6.1. The confidence interval for o2 is [ > V5 .
[x-0E-DE-01-% Ha-vy-DE-0g

. SSe .
Proof. Since £ ~X%x—1)(y—1)(z—1), it follows that

[ 2 SSe 2 —1_
P x-no-D@-ng <02 < X[(x_l)(y_l)(z_l),l_g]] =1l-a
1 2 1
p <2 < =1-aq,
Xt a SSe X¢ [od
-0 y-DE-11-3] [x-Dy-DE-D5]]
SS SS
pl= < <ol<= < =1-q,
X a X a
| Hx-Dy-DE-11-3] [x-Dy-DE-15]]
. . . SS SS
thus, the confidence interval for o2 is [ = )5 = ]
Ha-no-v@-01-4 Ha-ve-ne-0g

Theorem 6.2. The confidence interval for zo% + o7 is

)

$Sc=SScF[x(y—1),(x-1)(y-1) (z-1),1-3] SST—SSEF[x(y—1),(x—1)(y—1)(z—1),%]]
2 2 :
Hxy-na-2 M-

SSq

i %t 2
Proof. since GErotrod) Xx(y—-1), then
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[ 2 SS,

P X < Gotrotron) < Xx-n, 1--]] -
1 z6%+0%+0, 1

Pl < = < =l-q

xo-na-3 N [x(y 03]
sz<ZO't+O'Y+O'€ #:1_%

xy-na-5 -0

SS ss

pz—t—oe<zct+oy —‘—og =1—aq,

_X[x(y—1),1—E [x(y Y

[SSc—02xf SS—a2y?

(y-D1-5 (y-
p > [ y—1),1 2 < ZO_-L- + O_ < [ ] — 1 —q
Mry-0a-5] [X(y 3]
r 2
SSe X[X(y—l),l—%] SSGX[ (=1, ] ‘|
SS‘[ XZ SS.[ X2
o
b [("2_1)(3’_1)(2_1)'1_51 <202+ 0% < [(Xz—l)(}’—l)(z—l).f] -«
May-0a-9 Py

$Se=SSeF[x(y-1),G-Dy-1(z-1D1-] 2\ o _ SSSSFXy-DG-D-DE-D]| _

p z <zo:Z+0s< >
[x(y-11-3] [x(y—1)

thus, the confidence interval for zo% + 0% is

$S:=SSeF[x(y—1),x-1)(y-1)(z-1),1-5] $5:-8ScF[x(y-1),(x-1)(y-1)(z-1,3]
2 4 2 *
Mxy-11-% Mxy-n9

By using the same way, the confidence interval for xo% + o% is

)

$Sy-SSeFy(z—1),(x-1)(y-1)(z-1),1-5]| SSY—SSEF[y(Z—l),(X—l)(y—l)(z—l),%]]

2 2
Xyna-g] foan

And the confidence interval for 62 + yo7 is

§S¢=SSF|z(x—1),(x=1)(y-1)(z=1),1-5| $Sz=SSeF[z(x~1),(x~1)(y-1)(z— 1)—]]

2 )
X[z(x— 1),1—% X[z(x 1)
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. . z0%2+0% .
Theorem 6.3. The confidence interval for = IS

€

lsse SSTF[X(y 1),x-1)(y-1)(z— 1)1——] SSe— SSIF[X(y 1),x-1)(y-1)(z— 1)—]]

SSeF[x(-D-DE-DE-11-5] " St Flx(y-1,6-Dy-Dz-1)5]
. SS¢ o¢ SSt
Proof. since (2+—y+0_2) Xx(y 1) and X(X 1)(y-1)(z—1)" then (O'Ty"'("e) s, F[’U’T, ’U’e],

where v, = x(y — 1),v. = x— 1 (y — 1)(2 -1)

oZ SS¢

(zo2+02+07) SSe

p -F [’U’T,/U’E,g] < <F [/U’T,’v‘e, 1-— %]l =1—aq,

SSe zo%+0%+0? SSe
p F[ 1—5]55 o2 F[ g]ss =l-a
| Vo, Ve 2 T € ”TI'VGIZ T
SS 26%+0% SS
p < Y tl<——|=1—-q,
Floeve1-3]SS: o? Floeves[sSe

1=[4r1,4r5,1—5]ssT o? F[v-[,ve,%]sst

[SSc—F|veve1-3]55: - 20%+03 - sse—F[vT,ve,%]ssTl

)

. . 262+62 . | SSe—F|vg,06,1-2[SSy  SSe—F|ug,vea|SS
thus, The confidence interval for ——— is |— [oeve o 2|55 SSeFlex OfZ] °l.
G Floeve1-3]SS: Floeves]SS

. . . xo}+07 .
By using the same way, the confidence interval for —— is:

€

$Se=SSyF|y(z—1),(x-1)(y-1)(z-1),1-5| 55¢=85,F[y(z—1),(x-1)(y-1)(z-1)3]
SSyFly(z-1),x-Dy-DE-D1-5| ~ SSyF[y(z-1),x-1)(y-1D(z-1)7]

] ) o2+yc? |
And the same way, the confidence interval for TGZ s
€

SSe—SS¢ F[z(x—l),(x—l)(y—1)(z—1),1—%] SSe-SSg F[Z(x—1),(x—1)(y—1)(z—1),%]
$S¢ Flz(x-1),(x-D(y-D(-D1-5] ~  SSgFlz(x-1),x-1y-1D(z-1)3]

7. The experiment

The experiment included two levels of i, i; and i,, also there are three levels of j, j; , j,and j;,

and three levels of k, k; , k,and k5.
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Table2.: The experiment data

levels ky k, s
iy Ja 81.6 87.8 91.2
Ja 66.0 70.1 66.0

Js 77.2 90.0 85.3

2 Ja 68.9 76.3 771
J2 101.1 117.8 87.4

Ja 83.3 62.5 92.1

Yoy X3y Tiar Vi) = 125224.45

T, +PTs 3y H3, +P3s (12)%7, Z?=1 1/’12] =i
= 260.6% + 202.1% + 252.5% + 222.3% + 306.32 + 237.92
= 372346.41,

it PTs s v, 435 w(13)2E 1 Xim Wi = Vi

= 224.8% + 247.92 + 242.5% + 253.3%2 4 256.6% + 256.6>
= 366643.71,
PR3P ¥ 5t P5s + Y5y + 5, + 13 ---(14)Z?=1 Y1 wzjk =i,
= 150.5%2 + 164.12 + 168.32 + 167.1% 4+ 187.92 + 153.4? + 160.5% + 152.5% + 177.4?
= 245151.59,
3, S)XE YE =Yt
= 715.2% + 766.52
= 1099033.29,
w5+ (16)X5-1 Y2 =93,
= 482.92 + 508.42 + 490.42

= 732155.13,
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+p% P2

= 478.1% + 504.5% 4+ 499.1%

= 732200.67,

= (715.2 + 766.5)?

= 2195434.89

§§; = 12=1 2?:1 Zi=1(l/;ij. - l/ji..)z

1
bn

2 2
i=1 Y7

_ 152 3 2
T pai=1 Zj:ﬂl’ij. -

= 2000.66,

SS, =X, 2?:1 Zi=1(lp.jk - lp.j.)z

= 549.94,

§S5¢ = i1 Z?=1 Yic1Wix — ¥ p)?

= 181.125,

..(20)

(21

)

----(17)21%:1 1/)2 = l/)21

(18)1/)2 = (4’1 + lpz..)z

(19)

_ 153

3 2 1 o3 2
= L4j= Zk:llp.jk_a j=1lp.j.

12 3 2 1 ¢3 2
i=1 Zk:l lpi.k - Ezk=1 lp..k

SSe = X1 Xiea Y Wik =i~V — Vi + i AP+ P — lﬁ)z

R oV} 3 3 2 1

(22)—%%,

.=524.12
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Table 3.: ANOVA data
Source of D.F. SS MS F-ratio F table value
Variance
Random t 4 2000.66 500.165 3.81718 6.38823
Random y 6 549.94 91.656 0.6995 6.16313
Random ¢ 3 181.125 60.375 0.46077 6.59138
Error 4 524.12 131.03

The confidence interval for o2 is [47.0345,1081.9559].

The least significant difference (LSD) for each factor is defined as follows:

2 MS,
«u(23) LSDg 5(7) = ~ X to.025x-1D)(r-1(z-1)
= 9.346 X 2.776
= 25.94,
fz MSe
wu(24) LSDg o5(y) = — < lo.025,a-1)-1)(z-1)
=11.45 x 2.776
= 31.7852,
,2 MSe
«u(25) LSDg 45(¢) = 5 X 10.025,(x-1)(y-1)(z—1)
= 9.346 X 2.776
= 25.94,
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Table 4.: Mean difference among the levels ;.

228 P13, Y23, Y21, U7}

Y22, 45.7 53.8 68.4 84 104.2

Y11, 8.1 22.7 83.3 58.5

Y13, 14.6 30.2 50.4

Y23, 15.6 35.8

Y1, 20.2

11012.

Table 5.: Mean difference among the levels i
1/).33 ¢.13 ¢.21 1/).12 1:[}.31 1:[}.23 l/).32 lp.ll

Va2 10.5 19.6 20.8 23.8 27.4 34.5 35.4 37.4
P33 9.1 10.3 13.4 16.9 24 24.9 27.4
Va3 1.2 4.2 7.8 14.9 15.8 17.8
Y2 3 6.6 13.7 14.6 16.6
Y12 3.6 10.7 11.6 13.6
Y31 7.1 8 10
Va3 0.9 2.9
Y32 2
Y1

This article is an open access article distributed under

the terms and conditions of the Creative Commons Attribution- 187
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

F.H Al-Kanan

Bas ] Sci42(2) (2024)176-190

Table 6.: Mean difference among the levels y; ;.

V21 Y12 Y13 Y11

and ¥, 31, 3.3 8.7 14.1 31.8

V24 5.4 10.8 28.5

Y12 5.4 23.1

Vi3 17.7
Vi1

By comparing the mean difference among the levels y;;, ¥ j, and ¥, , with the corresponding

LSD, it follows that the level i, along with j, produces significantly higher than any other level.

Conclusions

1.For the experiment, the confidence interval for o2 is [47.0345,1081.9559], ¢,, produces

significantly higher than any other level.

SSe SSe

2.The confidence interval for 62 is |

3.The confidence interval for zo% + o3 is

2 ) 2
xy-11-2 -0

4.The confidence interval for xo§ + of is

$S:=SSeF[x(y—1),(x~1)(y-1)(z=1),1-3] $S:=SScF|x(y—1),(x-1)(y-1)(z-1).5]

-SSy—SSGF[y(Z—l),(X—1)(y—1)(z—1),1—%] SSY—SSEF[y(Z—l),(X—1)(y—1)(z—1),%]-

)

2 2
Myt fen

5.The confidence interval for % + yo? is

SS(—SSGF[Z(X—1),(X—1)(y—1)(z—1),1—%] ss;-sseF[z(x-n,(x-1)(y-1)(z-1),%]

2 ) 2
X[z(x—l),l—% X[Z(x—l)%]
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