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An (𝑛, 3)-arc 𝒦 in projective plane 𝑃𝐺(2, 𝑞) of size 𝑛 and degree three 

is a set of n points such that every line in the plane meet it in less than 

or equal three points, also the arc 𝒦 is complete if it is not contained 

in (𝑛 + 1,3)-arc. In this paper, the classification of degree three arcs in 

𝑃𝐺(2,19) is introduced in details according to their stabilizer groups. 

The motivation for working in the projective plane of order 19 is 

twofold. First, the size of the largest (𝑛, 3)-arc is not known. Second, 

the number of (𝑛, 3)-arcs is significantly higher in the projective plane 

of order 19 than it is in the projective plane of order 𝑞 for 𝑞 < 19, 

giving a large number of (𝑛, 3)-arcs for the study.  
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1. Introduction  

Let 𝔽𝑞 be the Galois field with 𝑞 elements, and 𝑉(3, 𝑞) be the 3-dimensional vector space 

over the field 𝔽𝑞. The corresponding projective plane of 𝑉(3, 𝑞) is denoted by ℙ𝑞
2 . The points 

(𝑥1, 𝑥2, 𝑥3) of ℙ𝑞
2  are the 1-dimensional subspaces of 𝑉(3, 𝑞). Subspaces of dimension two of 

𝑉(3, 𝑞) are called lines which has the form 𝕍(𝑎𝑥1 + 𝑏𝑥2 + 𝑐𝑥3). The number of points and the 

number of lines in ℙ𝑞
2  is 𝑞2 + 𝑞 + 1. There are 𝑞 + 1 points on every line and 𝑞 + 1 lines through 

every point. Many researches have been studies the subject of projective geometries for examples 

see [1],  the tools of this paper Gap-Groups, Algorithms, programming a system for computational 

discrete algebra [17]. 

A full classification of (𝑛, 3)-arcs are given by Cook [2]. For 𝑞 = 11, a maximal (𝑛, 3)-arcs has 

been found by Marcugini [3]. For 𝑞 = 13, the maximal arc has been found in [4]. Many studies 

and improvements have been given to get a largest (𝑛, 𝑟)-arc of size two, three, four, etc. For more 

detailed to the size of (n,3)-arcs see [5]. A full classification of the complete k‐arcs of PG (2, 23) 

and PG (2, 25) is done by Coolsaet and Sticker [6]. Also, the complete (k, 3)‐arcs of 𝑃𝐺 (2, 𝑞), 

𝑞 ≤  13 is given by Coolsaet and Sticker [7]. The classification of the (𝑘, 3)-arcs in 𝑃𝐺(2,37) is 

presented [8]. In [9], the construction of (4𝑣, 3)-arcs that produced from irreducible plane-cubic 

is discussed for all values of 𝑞, where 7 ≤ 𝑞 ≤ 37. Many large complete arcs such as (46,3)-arcs, 

(67,4)-arcs, (91,5)-arcs, (201,8)-arcs, (226,9)-arcs, (469,16)-arcs and (488,17)-arcs in 

𝑃𝐺 (2, 37) are obtained in [10]. Furthermore, large size for the complete (𝑘, 3)-arcs in the 

projective plane of order nineteen 𝑃𝐺(2,19) using the method of secants distributions [11]. 

The main aim of this paper is to determine the stabilizer group of each an equivalent (𝑛, 3)-

arcs in ℙ9
2, where 𝑛 > 4. Classify (𝑛, 3)-arcs in way, give us ((𝑛, 3)-arcs of large size in ℙ19

2 . The 

classification technique is based on constructed the special arcs in ℙ𝑞
2  to find the largest size of 

complete (𝑛, 3)-arcs [12]. In fact, up to stabilizer group we obtained that the largest size of 

complete (𝑛, 3)-arc is equal to 30. 

 2. Preliminaries 

2.2  Group Theory 

    A group is a set 𝑮 together with an operation ∗ satisfying the following requirements:  

1. for each pair (𝒙, 𝒚) of elements of 𝑮 × 𝑮, 𝒙 ∗ 𝒚 is an element of 𝑮; 
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2. for all elements 𝒙, 𝒚, 𝒛 of 𝑮, (𝒙 ∗ 𝒚) ∗  𝒛 =  𝒙 ∗ (𝒚 ∗ 𝒛); 

3. there is an element 𝒆 ∈ 𝑮 such that 𝒆 ∗ 𝒈 =  𝒈 =  𝒈 ∗  𝒆 for all 𝒈 ∈ 𝑮;   

4. given an element 𝒈 ∈ 𝑮, there is an element 𝒈′ ∈ 𝑮 such that 𝒈′ ∗ 𝒈 = 𝒆 = 𝒈 ∗ 𝒈′. 

 

A group 𝐺 is abelian if, for all 𝑔, 𝑔′ ∈ 𝐺, 𝑔′ ∗ 𝑔 = 𝑔 ∗ 𝑔′. A cyclic group is a group generated by 

a single element; that is, a group consisting of all powers of one of its elements. If 𝐺 is a cyclic 

group generated by 𝑔 ∈ 𝐺, we write 𝐺 = 〈𝑔〉. A finite group 𝐺 of order 𝑛 is cyclic if and only if it 

contains an element of order 𝑛. Also, a group of prime order is cyclic [13]. 

Definition ([13]) An action of a group (𝐺,∗) on a set 𝐾 is a function  𝜑 ∶ 𝐾 × 𝐺 → 𝐾 with the 

following properties: 

1. ((𝑥, 𝑔)𝜑, ℎ)𝜑 =  (𝑥, 𝑔 ∗ ℎ)𝜑 for all 𝑥 ∈ 𝐾 and 𝑔, ℎ ∈ 𝐺; 

2. (𝑥, 𝑒)𝜑 =  𝑥 for all 𝑥 ∈ 𝐾, where 𝑒 is the identity of 𝐺; 

3. ((𝑥, 𝑔)𝜑, 𝑔′)µ =  ((𝑥, 𝑔′)𝜑, 𝑔)𝜑 =  𝑥 for all 𝑥 ∈ 𝐾; 𝑔 ∈ 𝐺, where 𝑔′ is the inverse of the 

element 𝑔 in 𝐺. 

Definition ([13]) Let 𝐺, 𝐻 be two groups. A homomorphism ℎ ∶  𝐺 →  𝐻 is a function ℎ from 

𝐺 to 𝐻 that satisfies the condition, for all 𝑔1, 𝑔2 ∈  𝐺,  

(𝑔1𝑔2)ℎ =  (𝑔1ℎ)(𝑔2ℎ)                            (𝟏) 

A homomorphism that is one-to-one and onto is called an isomorphism. In this case, 𝐺 and 𝐻 is 

called isomorphic groups. A bijective homomorphism ℎ from a group to itself is called an 

automorphism. 

Definition ([14]) A bijection ℎ ∶  𝑋 → 𝑋 is a permutation on 𝑋. The set of all permutations on 𝑋 

is denoted by S(X).  

The set S(X) forms a group under the usual composition of functions. If 𝑋 = {1,2, … , 𝑛} or any set 

with cardinality 𝑛, then S(X) is written as 𝔖𝑛 which is called the symmetric group on 𝑛 symbols. 

2.2  Projective Spaces Over a Finite Field 

A field is a set 𝔽 closed under two operations +,× such that 

1. (𝔽, +) is an abelian group with identity 𝟎; 

http://creativecommons.org/licenses/by-nc/4.0/


517-146)4) (2022(2Bas J Sci 4                                                                             alzahra-Abd. A& I. IbrahimM.A  

149 
 

                     This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

).nc/4.0/-http://creativecommons.org/licenses/by( 

2. (𝔽\{0},×) is an abelian group with identity 1; 

3. 𝑎(𝑏 +  𝑐)  =  𝑎𝑏 +  𝑎𝑐; (𝑎 +  𝑏)𝑐 =  𝑎𝑐 +  𝑏𝑐, for all 𝑎, 𝑏, 𝑐 ∈ 𝔽.  

Let 𝔽𝑞 denotes a field of q elements. Let 𝑉 =  𝑉 (𝑛 +  1, 𝑞) be an (𝑛 + 1)-dimensional vector 

space over a field 𝔽𝑞 with zero element 𝟎. Consider the equivalence relation on the elements of 

𝑉∗ = 𝑉\{𝟎} whose equivalence classes are the 1-dimensional subspaces of 𝑉 with zero removed. 

In fact, if 𝑣1, 𝑣2 ∈ 𝑉∗ where 𝑣1 = (𝑥1, … , 𝑥𝑛+1) and 𝑣2 = (𝑦1, … , 𝑦𝑛+1), then 𝑣1 is equivalent to 

𝑣2 if 𝑣2 = 𝛼𝑣1 for some 𝛼 ∈ 𝔽𝑞\{0}; that is, 𝑦𝑖 = 𝛼𝑥𝑖 for all 𝑖. The set of all equivalence classes 

is the 𝑛-dimensional projective space over 𝔽𝑞 and is denoted by 𝑃𝐺(𝑛, 𝑞). 

The elements of 𝑃𝐺(𝑛, 𝑞) are called points; the equivalence class of the vector 𝑣 is the point 𝑃(𝑣). 

In this case, we say that 𝑣 is a coordinate vector for 𝑃(𝑣) or that 𝑣 is a vector representing 𝑃(𝑣). 

By definition, 𝑃(𝛼𝑣)  =  𝑃(𝑣) for all 𝛼 ∈ 𝔽𝑞\{0}. 

Definition ([15]) A collineation of projective plane 𝛱 = 𝑃𝐺(2, 𝑞) is a map 𝜑 of 𝛱 onto 𝛱 such 

that 𝜑 is bijection; 

1. 𝜑 maps points onto points and lines onto lines; 

2. if 𝑃 and ℓ are an incident point and line in 𝛱, then 𝜑(𝑃) and 𝜑(ℓ) are incident. 

Theorem ([15]) If {𝑃0, 𝑃1, … , 𝑃𝑛+1}, {𝑃0′, 𝑃1′, … , 𝑃𝑛+1′} are two sets of 𝑛 + 2 points of 𝑃𝐺(𝑛, 𝑞) 

such that no 𝑛 + 1 points chosen from the same set lie in a subspace of dimension 𝑛 − 1, then 

there exists a unique projectivity 𝔗 such that 𝑃𝑖′ =  𝑃𝑖𝔗, for all 𝑖 = 0,1, … , 𝑛 + 1. 

The Theorem above is called the Fundamental Theorem of Projective Geometry. 

Definition ([15]) For any positive integer 𝑛, the general linear group, 𝐺𝐿(𝑛, 𝑞), is the set of all 

invertible 𝑛 ×  𝑛 matrices over 𝔽𝑞 under matrix multiplication. The order of the group 𝐺𝐿(𝑛, 𝑞) 

is  (𝑞𝑛 −  1)(𝑞𝑛 − 𝑞)(𝑞𝑛 − 𝑞2)  · · ·  (𝑞𝑛 − 𝑞𝑛−1). 

The projective general linear group 𝑃𝐺𝐿(𝑛, 𝑞) is the group of projectivities of 𝑃𝐺(𝑛 −  1, 𝑞) with 

respect to the operation of composition of maps.   

Definition ([15]) The special linear group 𝑆𝐿(𝑛, 𝑞) is the subgroup of the group 𝐺𝐿(𝑛, 𝑞) 

consisting of all non-singular matrices. The projective special linear group 𝑃𝑆𝐿(𝑛, 𝑞) is the 

quotient group 𝑆𝐿(𝑛, 𝑞)/𝑍, where 𝑍 is the subgroup of scalar matrices in 𝑆𝐿(𝑛, 𝑞). 
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2.3  Projective Planes  

Consider the projective plane 𝑃𝐺(2, 𝑞) over the field 𝔽𝑞. The projective plane 𝑃𝐺(2, 𝑞) contains 

𝑞2 +  𝑞 +  1 points and 𝑞2 +  𝑞 +  1 lines. There are exactly 𝑞 +  1 points on each line, and 𝑞 +

 1 lines through each point. The points and lines of 𝑃𝐺(2, 𝑞) satisfy the following axioms of a 

projective plane:  

1. every two distinct points are on a unique common line; 

2. every two distinct lines contain a unique common point; 

3. there are four distinct points, no three of which are on a common line. 

A point 𝑃(𝑥, 𝑦, 𝑧) is incident with a line ℓ(𝑘, 𝑙, 𝑚) if and only if 𝑘𝑥 +  𝑙𝑦 +  𝑚𝑧 =  0. 

There is a non-singular matrix 𝔗 =  (𝛼𝑖𝑗) where 𝛼𝑖𝑗 ∈ 𝔽𝑞 associated to each bijection from 

𝑃𝐺(2, 𝑞) to 𝑃𝐺(2, 𝑞) that maps the point 𝑃(𝑣)  =  𝑃(𝑥, 𝑦, 𝑧) to the point 𝑃(𝑣′)  =  𝑃(𝑥′, 𝑦′, 𝑧′) 

and the line ℓ(𝑈)  = ℓ(𝑘, 𝑙, 𝑚) to the line ℓ(𝑈′𝑡)  = ℓ(𝑘′, 𝑙′, 𝑚′)𝑡 with 𝑣′ = 𝑣𝔗 and 𝑈′𝑡 = 𝔗−1𝑈𝑡. 

In other words, 

(𝑥′, 𝑦′, 𝑧′) = (𝑥, 𝑦, 𝑧) [

𝛼11 𝛼12 𝛼13

𝛼21 𝛼22 𝛼23

𝛼31 𝛼32 𝛼33

]                               (2) 

and  

[
𝑘′
𝑙′

𝑚′

] = [

𝛼11 𝛼12 𝛼13

𝛼21 𝛼22 𝛼23

𝛼31 𝛼32 𝛼33

]

−1

[
𝑘
𝑙

𝑚
]                                          (3) 

Any such a bijection is called a projectivity or projective linear transformation. Further, a 

projectivity preserves the incidence between points and lines. 

The group of all projectivities of 𝑃𝐺(2, 𝑞) is the projective general linear group 𝑃𝐺𝐿(3, 𝑞) and has 

order (𝑞3 −  1)(𝑞2 − 1)𝑞3. From the Fundamental Theorem of Projective Geometry, a 

projectivity is uniquely determined by the four images of the vertices of a quadrangle.  

Definition ([13]) A (𝑘, 𝑛)-arc 𝒦 in a projective plane 𝑃𝐺(2, 𝑞) is a set of 𝑘 points such that some 

line of the plane meets 𝒦 in 𝑛 points but such that no line meets 𝒦 in more than 𝑛 points, where 

𝑛 ≥ 2. 
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Throughout, ℙ𝑞
2  will denote the projective plane 𝑃𝐺(2, 𝑞). A line ℓ of ℙ𝑞

2  is an 𝑖-secant of a 

(𝑘, 𝑛)-arc 𝒦 if ℓ  intersects  𝒦 in 𝑖 points. Let 𝜏𝑖 be the total number of 𝑖-secants to 𝒦. The number 

of 𝑖-secants to 𝒦 through a point 𝑃 of 𝒦 is denoted by 𝜌𝑖 or 𝜌𝑖(𝑃). Moreover, 𝜎𝑖 or 𝜎𝑖(𝑄) denotes 

the number of 𝑖-secants to 𝒦 through a point 𝑄 of ℙ𝑞
2\𝒦. A (𝑘, 𝑛)-arc is complete if there is no 

(𝑘 + 1, 𝑛)-arc containing it. For more information about complete and incomplete (𝑘, 𝑛)-arcs, one 

can see [16]. 

Lemma ([15]) For a (𝑘, 𝑛)-arc 𝒦, the following equations hold: 

∑ 𝜏𝑖 = 𝑞2 + 𝑞 + 1;                               (4)

𝑛

𝑖=0

∑ 𝑖𝜏𝑖 = 𝑘(𝑞 + 1);                                (5)

𝑛

𝑖=1

∑ 𝑖(𝑖 − 1)𝜏𝑖 = 𝑘(𝑘 − 1);                   (6)

𝑛

𝑖=2

 

Definition ([10]) The points out of a (𝑘, 𝑛)-arc 𝒦 in ℙ𝑞
2  which passes through it i-secant of 𝒦 is 

called a point of index i. 

1. Main Results 

3.1 The classification of (𝝂, 𝟑)-arcs; 𝝂 = 𝟓, 𝟔, 𝟕 

First of all, let us give the following definitions which help us in our study. 

Definition ([9]).  Two (𝑘, 𝑛)-arcs 𝒦1 and 𝒦2 in ℙ𝑞
2  are said to be stabilizer inequivalent if they 

have different stabilizer groups, that is, Stab(𝒦1)  ≇  Stab(𝒦2) where  

𝑆𝑡𝑎𝑏(𝒦)  = {𝔗 ∈ 𝑃𝐺𝐿(3, 𝑞) ∶  𝔗(𝒦)  =  𝒦}, 

 for any (𝑘, 𝑛)-arc 𝒦 in ℙ𝒒
𝟐. 

Definition.  A point 𝑃 in ℙ𝒒
𝟐 is called preferred point of type 3 if when it added to ν-arc gives an 

arc of degree 3 in ℙ𝒒
𝟐. 
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Let ℛ = {1,2,3,4} be the 2-arc consisting of the indices of the points 𝑃1 = (1,0,0), 𝑃2 = (0,1,0), 

𝑃3 = (0,0,1) and 𝑃4 = (1,1,1).  Henceforth, 𝒟 denotes a set of preferred points of type 3 in ℙ𝒒
𝟐 

which can be add to ℛ = {1,2,3,4} to produce arc of degree three. 

In this subsection, the classification of (𝜈, 3)-arcs, where 𝜈 = 5,6,7, is established by classifying 

all such arcs up to stabilizer groups. 

Let ℛ = {1,2,3,4} be the 2-arc consisting of the indices of the points 𝑃1 = (1,0,0), 𝑃2 = (0,1,0), 

𝑃3 = (0,0,1) and 𝑃4 = (1,1,1). There is only one inequivalent (4,3)-arc in ℙ19
2  up to stabilizer 

group, while there are 4 types of (5,3)-arcs during implementation our program. The 4 types are 

shown in Table 1. 

Table 1. Types of (𝟓, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟓

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟓
𝒋
 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟓

𝒋
) 

𝒜5
1 5 ℤ2 

𝒜5
2 35 ℤ2 × ℤ2 

𝒜5
3 25 ℤ6 

𝒜5
4 150 𝐃4 

 

Note that, Stab(𝒜5
1) = 〈𝑀5

1〉 and Stab(𝒜5
3) = 〈𝑀5

3〉, where 

 

𝑀5
1 = [

1 0 0
0 0 1
0 1 0

] and 𝑀5
3 = [

1 0 0
0 0 1
0 1 0

]. 

The stabilizer group 𝒜5
2 consists of the following 4 projective matrices each one of them has order 

2, say 

𝑀5,1
2 = 𝐼, 𝑀5,2

2 = [
0 0 1
0 1 0
1 0 0

], 𝑀5,3
2 = [

1 0 0
0 −1 0
0 0 1

] and 𝑀5,4
2 = [

0 0 1
0 −1 0
1 0 0

]. 
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Moreover, the group Stab(𝒜5
3) is cyclic of order 6 and Stab(𝒜5

3) = 〈𝑀5
3〉, where 

𝑀5
3 = [

0 −1 1
7 −8 1
0 0 1

]. 

 

The stabilizer group of 𝒜5
4 consists of the following 8 projective matrices, say 

𝑀5,1
4 = 𝐼, 𝑀5,2

4 = [
0 0 1

−1 0 1
0 −1 1

], 𝑀5,3
4 = [

0 1 −1
0 1 0

−1 1 0
], 𝑀5,4

4 = [
1 −1 0
1 0 −1
1 0 0

], 

 

𝑀5,5
4 = [

0 0 1
0 1 0
1 0 0

], 𝑀5,6
4 = [

0 −1 1
−1 0 1
0 0 1

], 𝑀5,7
4 = [

−1 1 0
0 1 0
0 1 −1

] and 𝑀5,8
4 = [

1 0 0
1 0 −1
1 −1 0

]. 

The order of 𝑀5,1
4  is 1, the order of both 𝑀5,2

4 , 𝑀5,4
4  is 4, and the order of each matrix in the 

remaining projective matrices is 2. So, Stab(𝒜5
3) isomorphic to 𝐃4.  

Now, by adding 2 preferred points of type 3 to ℛ, we get (6,3)-arcs. In fact, there are 8 types of 

(6,3)-arcs up to stabilizer group, as shown in Table 2. 

Table 2. Types of (𝟔, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟔

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟔
𝒋
 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟔

𝒋
) 

𝒜6
1 5,6 𝐈 

𝒜6
2 5,12 ℤ2 

𝒜6
3 5,164 ℤ3 

𝒜6
4 35,56 𝔖3 

𝒜6
5 35,89 𝐃4 
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𝒜6
6 25,133 𝔖3 × ℤ3 

𝒜6
7 150,236 𝔖4 

𝒜6
8 40,89 ℤ6 

 

In Table 2, Stab(𝒜6
2) = 〈𝑀6

2〉, Stab(𝒜6
3) = 〈𝑀6

3〉 and Stab(𝒜6
8) = 〈𝑀6

8〉, where 

 

𝑀6
2 = [

−4 4 0
−3 4 0
−6 4 2

], 𝑀6
3 = [

−5 6 0
−5 5 −8
−5 −3 0

] and 𝑀6
8 = [

7 8 5
0 8 0
0 8 −7

]. 

The group Stab(𝒜6
4) is non-abelian of order 6. The following are all the projective matrices in 

Stab(𝒜6
4): 

𝑀6,1
4 = 𝐼, 𝑀6,2

4 = [
0 0 1
0 −1 0
1 0 0

], 𝑀6,3
4 = [

−5 −5 −9
−4 5 0
5 −5 0

], 𝑀6,4
4 = [

1 −9 9
0 9 −8
0 −9 −9

], 

 

𝑀6,5
4 = [

−5 5 0
−4 5 0
5 5 9

] and 𝑀6,6
4 = [

0 −9 −9
0 −9 8
1 −9 9

]. 

 

Moreover, Stab(𝒜6
5) = 〈𝑅, 𝑆: 𝑅4 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, where 

𝑅 = [
0 −1 1
1 0 −1
0 0 1

] and 𝑆 = [
1 0 0
0 −1 0
0 0 1

]. 

The group Stab(𝒜6
6) has 18 projective matrices, say 

𝑀6,1
6 = 𝐼, 𝑀6,2

6 = [
1 0 0
1 1 −1
1 −1 0

], 𝑀6,3
6 = [

0 1 0
0 1 −1
7 −7 0

], 𝑀6,4
6 = [

−8 0 8
0 −8 8
0 0 1

], 
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𝑀6,5
6 = [

8 0 −7
0 8 −7
0 0 −7

], 𝑀6,6
6 = [

−7 8 0
−7 8 −1
−7 8 0

], 𝑀6,7
6 = [

−7 8 0
1 0 0
0 0 1

], 𝑀6,8
6 = [

8 0 −7
8 0 0
8 −8 0

], 

 

𝑀6,9
6 = [

−1 −7 8
−8 0 8
0 0 1

], 𝑀6,10
6 = [

0 8 −7
0 8 0

−1 1 0
], 𝑀6,11

6 = [
1 7 −7
1 7 0

−7 7 0
], 

 

𝑀6,12
6 = [

1 7 −7
8 0 −7
0 0 −7

], 𝑀6,13
6 = [

0 1 0
−7 8 0
0 0 1

], 𝑀6,14
6 = [

8 0 −8
8 0 −7
8 −8 0

], 

 

𝑀6,15
6 = [

0 −8 8
−1 −7 8
0 0 1

], 𝑀6,16
6 = [

0 8 −8
0 8 −7

−1 1 0
], 𝑀6,17

6 = [
1 7 −8
1 7 −7

−7 7 0
] and 

 

𝑀6,18
6 = [

0 8 −7
1 7 −7
0 0 −7

]. 

The group Stab(𝒜6
7) is non-abelian, and has 24 projective matrices. In fact, Stab(𝒜6

7) = 〈𝑅, 𝑆 〉, 

where 

𝑅 = [
0 −1 1
0 0 1

−1 0 1
] and 𝑆 = [

1 0 0
0 0 1
0 1 0

]. 

Adding 3 preferred points of type 3 to ℛ, give us (7,3)-arcs. Further, there are 9 types of (7,3)-

arcs up to stabilizer group, as shown in Table 3. 

Table 3. Types of (𝟕, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟕

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟕
𝒋
 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟕

𝒋
) 
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𝒜7
1 5,6,17 𝐈 

𝒜7
2 5,6,236 ℤ2 

𝒜7
3 5,6,336 ℤ3 

𝒜7
4 9,115,188 ℤ4 

𝒜7
5 9,98,256 ℤ2 × ℤ2 

𝒜7
6 9,59,256 𝔖3 

𝒜7
7 26,285,339 ℤ6 

𝒜7
8 5,12,344 𝐃6 

𝒜7
9 99,128,305 𝔖4 

 

In Table 3, Stab(𝒜7
2) = 〈𝑀7

2〉, Stab(𝒜7
3) = 〈𝑀7

3〉, Stab(𝒜7
4) = 〈𝑀7

4〉 and Stab(𝒜7
7) = 〈𝑀7

7〉, 

where 

𝑀7
2 = [

−3 9 −6
0 9 −8
0 9 −9

], 𝑀7
3 = [

0 1 0
−7 −8 0
0 −8 8

], 𝑀7
4 = [

0 6 −5
2 −8 0
0 −2 0

] and 𝑀7
7 = [

0 8 −8
−1 1 0
0 1 0

]. 

 

The stabilizer group of the (7,3)-arc, 𝒜7
5 consists of the following 4 projective matrices: 

𝑀7,1
5 = 𝐼, 𝑀7,2

5 = [
0 6 −5

−3 0 4
0 0 1

], 𝑀7,3
5 = [

0 6 −5
0 −1 0

−4 −5 0
] and 𝑀7,4

5 = [
1 0 0
3 0 −4

−4 −5 0
]. 

All the privious matrices has order 2 except the identity matrix. Hence, the stabilizer group of 𝒜7
5 

is isomorphic to ℤ2 × ℤ2. 

The group Stab(𝒜7
6) is non-abelian generating by the projective matrices 𝑅 and 𝑆, where 
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𝑅 = [
0 6 −5
3 6 −9
0 6 −6

] and 𝑆 = [
1 0 0
1 −1 0
1 0 −1

]. 

 

In fact, Stab(𝒜7
6) is isomorphic to 𝔖3. 

The stabilizer group of the (7,3)-arc, 𝒜7
8 is non-abelian consisting of the 12 projective matrices, 

and Stab(𝒜7
8) = 〈𝑅, 𝑆: 𝑅6 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, where 

 

𝑅 = [
0 2 −1

−7 3 0
0 −8 0

] and 𝑆 = [
1 0 0
0 0 1
0 1 0

]. 

Finally, the group of the (7,3)-arc, 𝒜7
9 has 24 projective matrices, and it is isomorphic to  

𝔖4. Moreover, Stab(𝒜7
9) = 〈𝑅, 𝑆 〉, where 

𝑅 = [
1 0 0
2 0 −1
0 1 0

] and 𝑆 = [
1 0 0
0 0 1
0 1 0

]. 

3.2 The classification of (𝝂, 𝟑)-arcs; 𝝂 = 𝟖, 𝟗, 𝟏𝟎 

In this subsection, the classification of (𝜈, 3)-arcs, where 𝜈 = 8,9,10, is established by classifying 

all such arcs up to stabilizer groups. By adding 4 preferred points of type 3 to ℛ, we get the 

following (8,3)-arcs as illestrated in Table 4. 

Table 4. Types of (𝟖, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟖

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟖
𝒋
 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟖

𝒋
) 

𝒜8
1 5, 6,7, 8 𝐈 

𝒜8
2 5, 6, 7, 330 ℤ2 

𝒜8
3 5, 6, 336, 265 ℤ3 
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𝒜8
4 5, 12, 344, 157 ℤ2 × ℤ2 

𝒜8
5 5, 12, 344, 282 ℤ6 

𝒜8
6 25, 133, 40, 237 𝐒𝐋(𝟐, 𝟑) 

 

Let us explain the groups appeared in Table 4.  

Stab(𝒜8
2) = 〈𝑀8

2〉, Stab(𝒜8
3) = 〈𝑀8

3〉, and Stab(𝒜8
5) = 〈𝑀8

5〉, where 

 

𝑀8
2 = [

3 1 −3
0 −5 5
0 −7 5

], 𝑀8
3 = [

0 1 0
−7 −8 0
0 −8 8

] and 𝑀8
5 = [

0 2 −1
−7 3 0
0 −8 0

]. 

The stabilizer group of the (8,3)-arc, 𝒜8
4 consists of the following 4 projective matrices: 

𝑀8,1
4 = 𝐼, 𝑀8,2

4 = [
0 −1 2

−7 0 3
0 0 −8

], 𝑀8,3
4 = [

9 −4 −4
9 −3 −6
9 −6 −3

] and 𝑀8,4
4 = [

−4 4 0
−3 4 0
−6 4 2

]. 

All the privious matrices has order 2 except the identity matrix. 

The stabilizer group of the (8,3)-arc, 𝒜8
6 is non-abelian consisting 24 projective matrices. In  

fact, 

Stab(𝒜8
6) = 〈𝐴, 𝐵, 𝐶: 𝐴4 = 𝐶3 = 𝐼, 𝐴2 = 𝐵2, 𝐵𝐴𝐵−1 = 𝐴−1, 𝐶𝐴𝐶−1 = 𝐵, 𝐶𝐵𝐶−1 = 𝐴𝐵 〉, where  

𝐴 = [
8 −8 0
8 0 −7
1 0 0

], 𝐵 = [
0 0 1
0 1 0

−8 1 0
] and 𝐶 = [

7 −7 0
0 1 0
0 −7 7

]. 

Now, adding 5 preferred points of type 3 to ℛ, gives us (9,3)-arcs as shown in Table 5. 

Table 5. Types of (𝟗, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟗

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟗
𝒋
 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟗

𝒋
) 
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𝒜9
1 5,6,50,52,376 𝐈 

𝒜9
2 5,41,43,247,363 ℤ2 

𝒜9
3 5,6,265,336,357 ℤ3 

𝒜9
4 5,12,157,303,344 ℤ2 × ℤ2 

𝒜9
5 25,37,40,133,237 ℤ6 

𝒜9
6 5,12,282,327,344 𝐃6 

𝒜9
7 25,40,133,237,247 𝐆216 

 

In Table 5, Stab(𝒜9
2) = 〈𝑀9

2〉, Stab(𝒜9
3) = 〈𝑀9

3〉, and Stab(𝒜9
5) = 〈𝑀9

5〉, where 

𝑀9
2 = [

9 −8 0
9 −9 0
7 8 −3

], 𝑀9
3 = [

0 1 0
−7 −8 0
0 −8 8

] and 𝑀9
5 = [

1 −1 0
8 −1 −7
1 7 −7

]. 

The stabilizer group of the (9,3)-arc, 𝒜9
4 consists of the 4 projective matrices, each one of them 

has of order 2 except the identity matrix: 

𝑀9,1
4 = 𝐼, 𝑀9,2

4 = [
0 2 −1
0 −8 0

−7 3 0
], 𝑀9,3

4 = [
9 −4 −4
9 −3 −6
9 −6 −3

] and 𝑀9,4
4 = [

−4 0 4
−6 2 4
−3 0 4

]. 

The stabilizer group of the (9,3)-arc, 𝒜9
6 is non-abelian consisting of the 12 projective matrices, 

and Stab(𝒜9
6) = 〈𝑅, 𝑆: 𝑅6 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, where 

𝑅 = [
0 2 −1

−7 3 0
0 −8 0

] and 𝑆 = [
1 0 0
0 0 1
0 1 0

]. 

The group, Stab(𝒜9
7), is non-abelian with 216 projective matrices. In fact, 

(1) the identity matrix has order 1, say 𝑀1 = 𝐼, 

(2) there are 9 projective matrices of order 2, some of them are: 
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𝑀2 = [
1 0 0
1 0 −1
1 −1 0

] , 𝑀3 = [
0 8 −7

−1 0 1
0 0 −7

] , … , 𝑀10, 

(3) there are 80 projective matrices of order 3, some of them are:  

𝑀11 = [
7 −7 0
0 1 0
0 −7 7

] , 𝑀12 = [
0 1 0
0 0 8
1 0 0

] , … , 𝑀90, 

(4) there are 54 projective matrices of order 4, some of them are:  

𝑀91 = [
0 −1 1
0 0 1

−1 0 1
] , 𝑀92 = [

0 1 −1
−1 1 0
0 1 0

] , … , 𝑀144, 

(5) there are 72 projective matrices of order 6, some of them are:  

𝑀145 = [
0 0 1

−8 0 8
0 −1 1

] , 𝑀146 = [
1 0 −1
8 −8 0
1 0 0

] , … , 𝑀216. 

Adding 6 preferred points of type 3 to ℛ, gives us six (10,3)-arcs up to stabilizer group as 

illustrated in Table 6. 

Table 6. Types of (𝟏𝟎, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟎

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟎
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟎
𝒋

) 

𝒜10
1  5,50,52,376,374,6 𝐈 

𝒜10
2  5,12,344,282,375,52 ℤ2 

𝒜10
3  25,133,40,237,378,247 ℤ3 

𝒜10
4  25,37,40,133,237,146 ℤ4 

𝒜10
5  5,12,282,327,344,304 ℤ2 × ℤ2 

𝒜10
6  5,12,157,303,344,304 𝐃6 
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In Table 6, Stab(𝒜10
2 ) = 〈𝑀10

2 〉, Stab(𝒜10
3 ) = 〈𝑀10

3 〉, and Stab(𝒜10
4 ) = 〈𝑀10

4 〉, where 

𝑀10
2 = [

9 −4 −4
9 −3 −6
9 −6 −3

], 𝑀10
3 = [

0 7 −7
1 7 −7
0 8 −7

] and 𝑀10
4 = [

0 0 1
7 0 1
0 8 −7

]. 

The stabilizer group of the (10,3)-arc, 𝒜10
5  consists of the 4 projective matrices, each one of them 

has of order 2 except the identity matrix: 

𝑀10,1
5 = 𝐼, 𝑀10,2

5 = [
0 2 −1
0 −8 0

−7 3 0
], 𝑀10,3

5 = [
9 −4 −4
9 −3 −6
9 −6 −3

] and 𝑀10,4
5 = [

−4 0 4
−6 2 4
−3 0 4

]. 

The stabilizer group of the (10,3)-arc, 𝒜10
6  is non-abelian consisting of the 12 projective matrices, 

and Stab(𝒜10
6 ) = 〈𝑅, 𝑆: 𝑅6 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, where 

 

𝑅 = [
0 2 −1

−7 3 0
0 −8 0

] and 𝑆 = [
1 0 0
0 0 1
0 1 0

]. 

 

3.3 The classification of (𝝂, 𝟑)-arcs; 𝝂 = 𝟏𝟏, 𝟏𝟐, 𝟏𝟑, 𝟏𝟒 

In this subsection, the classification of (𝜈, 3)-arcs, where 𝜈 = 11,12,13,14, is established by 

classifying all such arcs up to stabilizer groups. By adding 7 preferred points 

of type 3 to ℛ, we get the following (11,3)-arcs as shown in Table 7. 

Table 7. Types of (𝟏𝟏, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟏

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟏
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟏
𝒋

) 

𝒜11
1  5,6,7,8,9,10,34 𝐈 

𝒜11
2  5,6,7,15,33,116,23 ℤ2 

𝒜11
3  25,133,40,237,247,6,80 ℤ3 
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𝒜11
4  25,133,40,237,247,12,72 ℤ4 

𝒜11
5  5,12,344,157,303,37,228 ℤ2 × ℤ2 

𝒜11
6  25,133,40,237,37,146,346 ℤ6 

𝒜11
7  5,6,236,224,281,31,60 𝔖3 

 

The stabilizer group, Stab(𝒜11
1 ), is the trivial group. The group Stab(𝒜11

2 )consists of two 

projective matrices, and hence it is isomorphic to ℤ2. Further, Stab(𝒜11
3 ) = 〈𝑀11

3 〉, Stab(𝒜11
4 ) =

〈𝑀11
4 〉 and Stab(𝒜11

6 ) = 〈𝑀11
6 〉, where 

𝑀11
3 = [

0 1 0
1 8 −8
0 1 −8

], 𝑀11
4 = [

1 8 −8
0 8 −8
0 1 −8

] and 𝑀11
6 = [

−7 8 0
−7 8 −1
−8 8 0

]. 

 

The stabilizer group of 𝒜11
5  has 4 projective matrices, each one of them has of order 2 except the 

identity matrix, say 

𝑀11,1
5 = 𝐼, 𝑀11,2

5 = [
0 2 −1
0 −8 0

−7 3 0
], 𝑀11,3

5 = [
9 −4 −4
9 −3 −6
9 −6 −3

] and 𝑀11,4
5 = [

−4 0 4
−6 2 4
−3 0 4

]. 

The group Stab(𝒜11
7 ) is non-abelian group of order 6. In fact, the generators of Stab(𝒜11

7 ) are 

𝑅 = [
−5 5 1
6 5 0
2 5 0

] and 𝑆 = [
0 0 1
0 −8 0
7 0 0

]. 

Adding 8 preferred points of type 3 to the arc ℛ, implies four (12,3)-arcs up to stabilizer group as 

shown in Table 8. 

Table 8. Types of (𝟏𝟐, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟐

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟐
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏2
𝒋

) 
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𝒜12
1  5,6,7,8,9,10,34 𝐈 

𝒜12
2  5,6,7,15,33,116,23 ℤ2 

𝒜12
3  25,133,40,237,247,6,80 ℤ3 

𝒜12
4  5,12,344,157,303,37,228 ℤ3 × ℤ3 

 

The stabilizer groups Stab(𝒜12
2 ) and Stab(𝒜12

3 ) have 2 and 3 projective matrices, respectively. It 

follows that Stab(𝒜12
2 ) ≅ ℤ2 and Stab(𝒜12

3 ) ≅ ℤ3. Furthermore, The group Stab(𝒜12
4 ) is an 

abelian group with 9 projective matrices, and it has no element of order 9. Therefore, it is 

isomorphic to ℤ3 × ℤ3. 

Now, adding 9 preferred points of type 3 to the arc ℛ, implies four (13,3)-arcs as shown in  

Table 9. 

 

Table 9. Types of (𝟏𝟑, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟑

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟑
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟑
𝒋

) 

𝒜13
1  5,7,15,33,45,54,59,245,315 𝐈 

𝒜13
2  5,12,344,157,303,37,304,46,25 ℤ2 

𝒜13
3  5,6,7,8,72,132,133,40,146 ℤ3 

𝒜13
4  5,12,344,157,303,37,304,46,85 𝔖3 

 

The stabilizer groups Stab(𝒜13
2 ) and Stab(𝒜13

3 ) have 2 and 3 projective matrices, respectively. It 

follows that Stab(𝒜13
2 ) ≅ ℤ2 and Stab(𝒜13

3 ) ≅ ℤ3. Furthermore, The group Stab(𝒜13
4 ) is non-

abelian group with 6 projective matrices. Therefore, it is isomorphic to 𝔖3. 
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  There are 3 types of (14,3)-arcs up to stabilizer group as shown in Table 10. These arcs can be 

constructed by adding 10 preferred points of type 3 to the arc ℛ. 

Table 10. Types of (𝟏𝟒, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟒

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟒
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟒
𝒋

) 

𝒜14
1  5,6,7,50,52,204,209,310,312,376 𝐈 

𝒜14
2  5,12,157,289,298,303,304,344,356,367 ℤ2 

𝒜14
3  25,133,40,237,247,6,80,334,47,171 ℤ3 

 

The stabilizer group Stab(𝒜14
1 ) is the trivial group. Further, the stabilizer groups Stab(𝒜14

2 ) and 

Stab(𝒜14
3 ) have 2 and 3 projective matrices, respectively. It follows that Stab(𝒜14

2 ) ≅ ℤ2 and 

Stab(𝒜14
3 ) ≅ ℤ3. 

 

3.4 The classification of (𝝂, 𝟑)-arcs; 𝝂 = 𝟏𝟓, 𝟏𝟔, 𝟏𝟕, 𝟏𝟖, 𝟏𝟗, 𝟐𝟎 

In this subsection, the classification of (𝜈, 3)-arcs, where 𝜈 = 15, 16,17,18,19,20, is established 

by classifying all such arcs up to stabilizer groups. By adding 11 preferred points of type 3 to ℛ, 

we get the following (15,3)-arcs as shown in Table 11. 

Table 11. Types of (𝟏𝟓, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟓

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟓
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟓
𝒋

) 

𝒜15
1  5,6,7,15,33,45,54,59,245,315,378 𝐈 

𝒜15
2  5,12,37,46,85,157,256,303,304,344,371 ℤ2 

𝒜15
3  6,25,40,47,80,133,171,237,247,315,334 ℤ3 × ℤ3 
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All the groups in Table 11 are abelian of order 1, 2 and 9. Therefore, the stabilizer group, 

Stab(𝒜15
1 ), is the trivial group. The group Stab(𝒜15

2 ) ≅ ℤ2 and Stab(𝒜15
3 ) ≅ ℤ3 × ℤ3. 

There are 3 types of (16,3)-arcs up to stabilizer group as shown in Table 12. These arcs can be 

constructed by adding 12 preferred points of type 3 to the arc ℛ.  

Table 12. Types of (𝟏𝟔, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟔

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟔
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟔
𝒋

) 

𝒜16
1  5,7,15,33,45,54,59,245,315,378,316,299 𝐈 

𝒜16
2  5,12,22,157,289,298,301,303,304,344,356,367 ℤ2 

𝒜16
3  6,25,40,47,80,115, 133,171,237,247,315,334 ℤ3 

 

All the groups in Table 12 are abelian of order 1, 2 and 3. Therefore, the stabilizer group, 

Stab(𝒜16
1 ), is the trivial group. The group Stab(𝒜16

2 ) ≅ ℤ2 and Stab(𝒜16
3 ) ≅ ℤ3.  

There are 3 types of (17,3)-arcs up to stabilizer group. These arcs can be established by adding 13 

preferred points of type 3 to the arc ℛ. Table 13 illustrates all these arcs.  

Table 13. Types of (𝟏𝟕, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟕

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟕
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟕
𝒋

) 

𝒜17
1  5,7,15,33,45,54,59, 245,315,378,316,299,320 𝐈 

𝒜17
2  5,7,15,33,45,54,59, 245,315,378,316,299,287 ℤ2 

𝒜17
3  6,25,40,47,80,115,133, 171,203,237,247,315,334 ℤ3 

 

Similarly, all the groups in Table 13 are abelian of orders 1, 2 and 3. It follows that the stabilizer 

group, Stab(𝒜17
1 ), is the trivial group. The group Stab(𝒜17

2 ) ≅ ℤ2 and Stab(𝒜17
3 ) ≅ ℤ3.  
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There are 4 types of (18,3)-arcs up to stabilizer group. These arcs can be established by adding 14 

preferred points of type 3 to the arc ℛ. Table 14 illustrates all these arcs. 

Table 14. Types of (𝟏𝟖, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟖

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟖
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟖
𝒋

) 

𝒜18
1  5,7,15,33,45,54,59, 245,315,378,316,299,320,254 𝐈 

𝒜18
2  5,7,15,33,45,54,59, 245,315,378,316,299,287,260 ℤ2 

𝒜18
3  6,25,40,47,80,133,171, 237,247,251,315,334,355,356 ℤ3 

𝒜18
4  6,25,40,47,80,115,133, 171,203,237,247,261,315,334 ℤ3 × ℤ3 × ℤ3 

 

The groups in Table 14 are abelian of orders 1, 2, 4 and 27. The stabilizer group, Stab(𝒜18
1 ), is 

the trivial group. The group Stab(𝒜18
2 ) ≅ ℤ2 and Stab(𝒜18

3 ) ≅ ℤ3. Every element in Stab(𝒜18
4 ) 

has order 3, so it is isomorphic to ℤ3 × ℤ3 × ℤ3. 

There are 3 types of (19,3)-arcs up to stabilizer group as shown in Table 15. These arcs can be 

constructed by adding 15 preferred points of type 3 to the arc ℛ. 

Table 15. Types of (𝟏𝟗, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟏𝟗

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟏𝟗
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟏𝟗
𝒋

) 

𝒜19
1  5,7,15,33,45,54,59,245, 315,378,316,299,320,254,196 𝐈 

𝒜19
2  5,7,15,33,45,54,59,94, 245,260,287,299,315,316,378 ℤ2 

𝒜19
3  6,25,40,47,80,115,133,171, 237,247,251,315,334,355,356 ℤ3 

 

Again, all the groups in Table 15 are abelian of orders 1, 2, and 3. Hence, the stabilizer group, 

Stab(𝒜19
1 ), is the trivial group, and the group Stab(𝒜19

2 ) ≅ ℤ2 and Stab(𝒜19
3 ) ≅ ℤ3.  
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There are 2 types of (20,3)-arcs up to stabilizer group as shown in Table 16. These arcs can be 

constructed by adding 16 preferred points of type 3 to the arc ℛ. 

Table 16. Types of (𝟐𝟎, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟐𝟎

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟐𝟎
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟐𝟎
𝒋

) 

𝒜20
1  5,7,15,33,45,54,59,245, 315,378,316,299,320,254,196,244 𝐈 

𝒜20
2  6,25,40,47,80,115,133,171, 203,237,247,251,315,334,355,356 ℤ3 

 

All the groups in Table 16 are abelian of orders 1 and 3. Hence, the stabilizer group, Stab(𝒜20
1 ), 

is the trivial group, and the group, Stab(𝒜20
2 ) ≅ ℤ3. 

 

 

 

 

3.5 The classification of (𝝂, 𝟑)-arcs; 𝝂 = 𝟐𝟏, 𝟐𝟐, 𝟐𝟑, 𝟐𝟒, 𝟐𝟓, 𝟐𝟔, 𝟐𝟕, 𝟐𝟖, 𝟐𝟗, 𝟑𝟎 

In this subsection, we establish the distinct (𝜈, 3)-arcs up to their stabilizer groups, where 𝜈 =

21, … ,30. By similar arguments in the previous subsections, if we adding 17 preferred  

points of type 3 to the arc ℛ, we get the following (21,3)-arcs as shown in Table 17. 

Table 17. Types of (𝟐𝟏, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟐𝟏

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟐𝟏
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟐𝟏
𝒋

) 

𝒜21
1  5,7,15,33,45,54,59,245,315, 378,316,299,320,254,196,244,309 𝐈 

𝒜21
2  6,25,40,47,80,115,133,171,203, 237,247,251,261,315,334,355,356 ℤ3 

𝒜21
3  

12,16,38,43,66,110,171,217,253, 

282,291,298,327,344,349,367,378 

𝐃18 

http://creativecommons.org/licenses/by-nc/4.0/


517-146)4) (2022(2Bas J Sci 4                                                                             alzahra-Abd. A& I. IbrahimM.A  

168 
 

                     This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

).nc/4.0/-http://creativecommons.org/licenses/by( 

𝒜21
4  

12,16,38,43,66,110,171,217,253, 

282,291,298,327,344,349,367,381 

𝐃20 

 

The stabilizer group, Stab(𝒜21
1 ), is the trivial group, and the group Stab(𝒜21

2 ) ≅ ℤ3 because it 

has three projective matrices. The stabilizer group of the (21,3)-arc, 𝒜21
3 is non-abelian consisting 

of the 36 projective matrices, and Stab(𝒜21
3 ) = 〈𝑅, 𝑆: 𝑅18 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, where 

𝑅 = [
−4 9 −4
−3 −3 6
−6 −2 8

] and 𝑆 = [
0 6 −5
9 0 −3
0 0 4

]. 

Furthermore, The stabilizer group of the (21,3)-arc, 𝒜21
4 is non-abelian consisting of the 40 

projective matrices, and Stab(𝒜21
4 ) = 〈𝑅, 𝑆: 𝑅20 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, where 

𝑅 = [
8 7 5
9 −1 −9

−8 5 −3
] and 𝑆 = [

0 0 1
0 9 0
5 0 0

]. 

There are 4 types of (22,3)-arcs up to stabilizer group as shown in Table 18. These arcs can be 

constructed by adding 18 preferred points of type 3 to the arc ℛ. 

Table 18. Types of (𝟐𝟐, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟐𝟐

𝒋
= 𝓡 ∪ 𝓓 

 

In Table 18, Stab(𝒜22
2 ) is isomorphic to ℤ2 because it has two projective matrices. The group  

Stab(𝒜22
3 ) has 4 projective matrices, each one of them has order 2 except the identity, so it is 

isomorphic to ℤ2 × ℤ2. Furthermore, The stabilizer group of the (22,3)-arc, 𝒜22
4 is non-abelian 

𝓐𝟐𝟐
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟐𝟐
𝒋

) 

𝒜22
1  12,16,38,43,66,110,111,217,253,282,291,298,327,344,349,367,5,368 𝐈 

𝒜22
2  12,16,38,43,66,110,111,217,253,282,291,298,327,344,349,367,5,171 ℤ2 

𝒜22
3  12,16,38,43,66,110,171,217,253,282,291,298,327,344,349,367,378,373 ℤ2 × ℤ2 

𝒜22
4  12,16,38,39,43,66,110,171,217,253,282,291,298,327,344,349,367,378 𝐃4 
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consisting of the 8 projective matrices, and Stab(𝒜22
4 ) = 〈𝑅, 𝑆: 𝑅4 = 𝑆2 = 𝐼, 𝑆𝑅𝑆−1 = 𝑅−1 〉, 

where 

𝑅 = [
−3 5 −1
2 6 −8

−9 7 2
] and 𝑆 = [

0 −1 2
0 8 0

−6 4 0
]. 

There are 4 types of (23,3)-arcs up to stabilizer group as shown in Table 19. These arcs can be 

constructed by adding 19 preferred points of type 3 to the arc ℛ. 

Table 19. Types of (𝟐𝟑, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟐𝟑

𝒋
= 𝓡 ∪ 𝓓 

 

 

In Table 19, Stab(𝒜23
2 ) is isomorphic to ℤ2 because it has two projective matrices. The group  

Stab(𝒜23
3 ) has 4 projective matrices, each one of them has order 2 except the identity, so it is 

𝓐𝟐𝟑
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟐𝟑
𝒋

) 

𝒜23
1  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,368,171 

 

𝐈 

𝒜23
2  

12,16,38,43,66,110,171,217,253,282,291, 

298,327,344,349,367,378,373,361 

 

ℤ2 

𝒜23
3  

12,16,38,39,43,66,75,110,171,217,253,282,291, 

298,327,344,349,367,378 

 

ℤ2 × ℤ2 

𝒜23
4  

5,12,16,38,43,66,110,111,156,171,217,253,282,291, 

298,327,344,349,367 

𝔖3 
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isomorphic to ℤ2 × ℤ2. Furthermore, The stabilizer group of the (23,3)-arc, 𝒜23
4 is non-abelian 

with 6 projective matrices, and Stab(𝒜23
4 ) = 〈𝑅, 𝑆 〉, where 

𝑅 = [
6 −3 −2
9 −6 0

−5 −2 0
] and 𝑆 = [

9 0 −8
5 −5 8
7 0 −9

]. 

By similar arguments, if we adding 20 preferred points of type 3 to the arc ℛ, we get the following 

(24,3)-arcs as shown in Table 20. 

Table 20. Types of (𝟐𝟒, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟐𝟒

𝒋
= 𝓡 ∪ 𝓓 

 

 

In Table 20, Stab(𝒜24
2 ) is isomorphic to ℤ2 because it has two projective matrices. The group  

Stab(𝒜24
3 ) has 4 projective matrices, each one of them has order 2 except the identity, so it is 

isomorphic to ℤ2 × ℤ2. 

Again, if we add 21 preferred points of type 3 to the arc ℛ, we get the three types of (25,3)-arcs 

up to stabilizer group as shown in Table 21. 

Table 21. Types of (𝟐𝟓, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 𝓐𝟐𝟓

𝒋
= 𝓡 ∪ 𝓓 

𝓐𝟐𝟒
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟐𝟒
𝒋

) 

𝒜24
1  

12,16,38,43,66,110,171, 217,253,282,291, 

298,327,344, 349,367,378,373,361,226 

 

𝐈 

𝒜24
2  

12,16,28,38,39,43,66, 75,110,171,217,253,282,291,  

298,327,344,349,367,378 

 

ℤ2 

𝒜24
3  

12,16,38,43,66,102,110, 171,217,253,282,291, 

298,327, 344,349,361,367,373,378 

ℤ2 × ℤ2 
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In Table 21, Stab(𝒜25
2 ) is isomorphic to ℤ2 because it has two projective matrices. The group  

Stab(𝒜25
3 ) has 4 projective matrices, each one of them has order 2 except the identity, so it is 

isomorphic to ℤ2 × ℤ2. 

Now, adding 22, 23, 24 and 25 preferred points of type 3 to the arc ℛ, will give us two 

(26,3)-arcs, three (27,3)-arcs, two (28,3)-arcs and two (29,3)-arcs, respectively as shown in 

Table 22. 

Table 22. Types of (𝟐𝟔, 𝟑), (𝟐𝟕, 𝟑), (𝟐𝟖, 𝟑), (𝟐𝟗, 𝟑)-arcs up to stabilizer groups in ℙ𝟏𝟗
𝟐 ; 

𝓐𝒌
𝒋

= 𝓡 ∪ 𝓓, 𝒌 = 𝟐𝟔, 𝟐𝟕, 𝟐𝟖, 𝟐𝟗 

𝓐𝟐𝟓
𝒋

 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝟐𝟓
𝒋

) 

𝒜25
1  

12,16,38,43,66,110,171, 217,253,282,291, 

298,327,344, 349,367,378,373,361,226 

 

𝐈 

𝒜25
2  

12,16,28,38,39,43,66, 75,110,171,217,253,282,291,  

298,327,344,349,367,378 

 

ℤ2 

𝒜25
3  

12,16,38,43,66,102,110, 171,217,253,282,291, 

298,327, 344,349,361,367,373,378 

ℤ2 × ℤ2 

𝓐𝒌
𝒋
 Points of 𝓓 𝐒𝐭𝐚𝐛(𝓐𝐤

𝒋
) 

𝒜26
1  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,368,319,171,39,337 

𝐈 

𝒜26
2  12,16,28,38,39,43,66,75,108,110,171,217,253,282,291, ℤ2 
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In Table 22, The stabilizer groups, Stab(𝒜26
1 ), Stab(𝒜27

1 ), Stab(𝒜28
1 ) and Stab(𝒜29

1 ) are the 

trivial groups, because they have only one projective matrix. The stabilizer groups,  Stab(𝒜26
2 ), 

Stab(𝒜27
2 ), Stab(𝒜28

2 ) and Stab(𝒜29
2 ) are isomorphic to ℤ2 because it has two projective 

matrices. The group  Stab(𝒜27
3 ) has 4 projective matrices, each one of them has order 2 except 

the identity, so it is isomorphic to ℤ2 × ℤ2. 

Finally, if we add 26 preferred points of type 3 to the arc ℛ, we have 

only (30,3)-arc, say 𝒜30 = ℛ ∪ 𝒟, where 

296,298,327,344,349,367,378 

𝒜27
1  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,379,314,266,286,274,171 

𝐈 

𝒜27
2  

12,16,28,38,39,43,66,75,108,110,171,217,253,282,291, 

296,298,322,327,344,349,367,378 

ℤ2 

𝒜27
3  

12,16,28,38,39,43,66,75,108,110,171,217,253,282,291, 

296,298,310,327,344,349,367,378 

ℤ2 × ℤ2 

𝒜28
1  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,379,314,266,286,274,279,171 

𝐈 

𝒜28
2  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,379,314,266,286,274,351,171 

ℤ2 

𝒜29
1  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,379,314,266,171,155,274,279,286 

𝐈 

𝒜29
2  

12,16,38,43,66,110,111,217,253,282,291, 

298,327,344,349,367,5,379,314,266,286,274,279,171,351 

ℤ2 
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𝒟 = {
5,9,12,16,17,38,43,66,110,171,189,217,253,254,

282,284,291,298,307,318,327,344,349,367,381,358
}. 

The stabilizer group of the (30,3)-arc, 𝒜30 is isomorphic to ℤ2. In fact, Stab(𝒜30) = 〈𝑀〉, where 

𝑀 = [
6 6 8

−7 −9 9
4 7 −8

]. 

According to the arguments in sections 3.1, 3.2, 3.3, 3.4 and 3.5, we present the following theorem: 

Theorem.  A In the projective plane of order 19, ℙ19
2 , we have: 

1. There are 9 projectively inquivalent (7,3)-arcs up to stabilizer groups. 

2. There are 8 projectively inquivalent (6,3)-arcs up to stabilizer groups. 

3. For 𝑘 = 7,11, there are 7 projectively inquivalent (𝑘, 3)-arcs up to stabilizer groups. 

4. For 𝑘 = 8,10, there are 6 projectively inquivalent (𝑘, 3)-arcs up to stabilizer groups. 

5. For 𝑘 = 5,12,13,18,21,22, 23, there are 4 projectively inquivalent (𝑘, 3)-arcs up to 

stabilizer groups. 

6. For 𝑘 = 14,15,16,17,19,24, 25,27, there are 3 projectively inquivalent (𝑘, 3)-arcs up to 

stabilizer groups. 

7. For 𝑘 = 20,26,28, 29, there are 2 projectively inquivalent (𝑘, 3)-arcs up to stabilizer 

groups. 

8. There is only one projectively inquivalent (30,3)-arcs up to stabilizer groups. 

Conclusions 

In summary, the large size of complete (𝑘, 3)-arcs which is 30 is cunstructed by classify all  

(𝑘, 3)-arcs according to their stabilizer groups. Additionally, the are two projectively 

inequivalent (𝑘, 3)-arcs for an integer 𝑘, where 𝑘 = 20,26,28, 29. Moreove, we find three 

projectively inquivalent (𝑘, 3)-arcs up to stabilizer groups for the value of 𝑘, where 𝑘 =

14,15,16,17,19,24, 25,27,. As well as, for 𝑘 = 8,10, there are six projectively inquivalent 

(𝑘, 3)-arcs up to stabilizer groups. Furthermore, there are seve type of projectively inquivalent 

(𝑘, 3)-arcs up are found for 𝑘 = 7,11.  

xxope (FESEM) . 

 

http://creativecommons.org/licenses/by-nc/4.0/


517-146)4) (2022(2Bas J Sci 4                                                                             alzahra-Abd. A& I. IbrahimM.A  

174 
 

                     This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

).nc/4.0/-http://creativecommons.org/licenses/by( 

References 

General galois geometries, Oxford: Clarendon Press,  J. W. P. Hirschfeld, J. A. Thas, J. A., [1]

7-6790-4471-1-https://doi.org/10.1007/9781378(1991),  

[2] G. R. Cook, Arcs in a finite projective plane (Doctoral dissertation, University of Sussex), 

2011. 

[3] S. Marcugini, A. Milani, F. Pambianco, Maximal (n, 3)-arcs in PG (2, 11), Discrete 

Math., 208(1999) 421-426, https://doi.org/10.1016/s0012-365x(99)00202-2 

[4] S. Marcugini, A. Milani, F. Pambianco, Maximal (n, 3)-arcs in PG (2, 13), Discrete 

Math., 294(1-2)(2005) 139-145, https://doi.org/10.1007/s00022-004-1777-4 

[5] J.W.P. Hirschfeld, E.V.D. Pichanick, Bounds for arcs of arbitrary degree in finite Desarguesian 

planes, J. Comb. Des., 24(4)(2016) 184-196,  https://doi.org/10.1002/jcd.21426  

[6]  K. Coolsaet, H. Sticker, A full classification of the complete k‐arcs of PG (2, 23) and PG (2, 

25), J. Comb. Des., 17(6)(2009) 459-477, https://doi.org/10.1002/jcd.20211  

[7] K. Coolsaet, H.  Sticker, The complete (k, 3)‐arcs of PG (2, q), q≤ 13. J. Comb. 

Des., 20(2)(2012) 89-111, https://doi.org/10.1002/jcd.20293 

[8] H.J. Al-Mayyahi,  M.A. Alabbood, Lower Bound for m3 (2, 37) and Related Code, Turk. J. 

Comput. Math. Educ, 12(14)(2021)959-969, https://doi.org/10.17762/turcomat.v12i14.10377 

[9] ] H.J. Al-Mayyahi,  M.A. Alabbood, On the $(4\nu, 3) $-arcs in $ PG (2, q) $ and the related 

linear codes, Int. J. Nonlinear Anal. Appl, 12(2)(2021)2589-2599. 

http://dx.doi.org/10.22075/ijnaa.2021.5430. 

[10] R.H. Hanoon, M.A. Ibrahim, Large (k, n)-arcs in the Projective Plane of Order 37, Bas. J. 

Sci., 41.2(2023) 178-197, https://doi.org/10.29072/basjs.20230201 

[11] M. Ibrahim, Islam, Large (k,3)-arcs in PG(2,19) and the related linear codes. J. Kufa math. 

comput., 11(1)(2024) 43–54, https://doi.org/10.31642/JoKMC/2018/110108 

[12] S. Ball, and A. Blokhuis, The classification of maximal arcs in small Desarguesian planes, 

Bull. Belg. Math. Soc. Simon Stevin,, 9(3)(2002).433-445, 

https://doi.org/10.36045/bbms/1102715068 

[13] D.J.S. Robinson, Fundamental Concepts of Group Theory. In: A Course in the Theory of 

Groups. Graduate Texts in Mathematics, Springer, New York, NY, vol 80 (1996),  

https://doi.org/10.1007/978-1-4419-8594-1_1 

http://creativecommons.org/licenses/by-nc/4.0/
https://doi.org/10.1007/978-1-4471-6790-7
https://doi.org/10.1016/s0012-365x(99)00202-2
https://doi.org/10.1007/s00022-004-1777-4
https://doi.org/10.1002/jcd.21426
https://doi.org/10.1002/jcd.20211
https://doi.org/10.1002/jcd.20293
https://doi.org/10.17762/turcomat.v12i14.10377
http://dx.doi.org/10.22075/ijnaa.2021.5430
https://doi.org/10.29072/basjs.20230201
https://doi.org/10.31642/JoKMC/2018/110108
https://doi.org/10.36045/bbms/1102715068
https://doi.org/10.1007/978-1-4419-8594-1_1


517-146)4) (2022(2Bas J Sci 4                                                                             alzahra-Abd. A& I. IbrahimM.A  

175 
 

                     This article is an open access article distributed under 

the terms and conditions of the Creative Commons Attribution-

NonCommercial 4.0 International (CC BY-NC 4.0 license) 

).nc/4.0/-http://creativecommons.org/licenses/by( 

[14] J. Cameron, Introduction to Algebra , Oxford, online edn, Oxford Academic, 

1997, https://doi.org/10.1093/oso/9780198569138.001.0001. 

[15] J. W. P. Hirschfeld, Projective geometries over finite fields. Oxford University Press. 1998, 

https://doi.org/10.1093/oso/9780198502951.001.0001  

[16] D. Bartoli, A.,  Davydov A., G. Faina, S. Marcugini, and F. Pambianco, 2012. On sizes of 

complete arcs in PG (2, q). Discrete Math., 312(3)(2012)680-698. 

https://doi.org/10.1016/j.disc.2011.07.002 

[17] S. Linton, GAP, groups, algorithms, programming. ACM Commun. in Comput. 

Algebra, 41(3)( 2007)108-109, https://doi.org/10.1145/1358190.1358201 

 

 التثبيت   زمر   حسب   PG(2,19) تصنيف أقواس الدرجة الثالثة في  

 محمد علي ابراهيم   ،   اسلام عباس عبد الزهرة 

 العراق -البصرة  -لبصرةجامعة ا  -كلية العلوم  -رياضياتقسم ال
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 المستخلص 

,𝑛)القوس من النمط   3)  ،𝒦    في المستوى الإسقاطي𝑃𝐺(2, 𝑞)     ذو الحجم𝑛    والدرجة الثالثة عبارة عن مجموعة من النقاط

𝑛    بحيث يلتقي بها كل خط في المستوى في أقل من أو يساوي ثلاث نقاط، وكذلك القوس𝒦    تكون كاملة إذا لم تكن موجودة في

𝑛)قوس من النمط   + ,𝑃𝐺(2. في هذا البحث تم تقديم تصنيف الأقواس من الدرجة الثالثة في  (1,3 𝑞)   بالتفصيل حسب زمر

,𝑛)ذو شقين. أولاً، حجم القوس الأكبر    19التثبيت الخاصة بها. الدافع للعمل في المستوى الإسقاطي للطلب   غير معروف.    (3

,𝑛)ثانيًا، عدد الأقواس   qمما هو عليه في المستوى الإسقاطي من الرتبة    19أعلى بكثير في المستوى الإسقاطي من الرتبة   (3

qلاجل  < ,𝑛)، مما يعطي عدداً كبيرًا من الاقواس ذو النمط 19  للدراسة.  (3
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