Basrah Journal of Science

Vol.37(2), 253-261,2019

Decomposition matrices for the spin characters of §,, Modulo 11
Ahmed H. Jassim and Marwa M. Jawad

Department of Mathematics, College of Science, University of Basrah, Iraq
E-mail: ahmedhussein1981@ymail.com

Doi 10.29072/basjs.20190208, Article inf., Received: 3/6/2019  Accepted: 13/8/2019  Published: 31/8/2019

Abstract
We found in this paper the 11-decomposition matrices for the spin characters of S, which
are a relationship between modular and ordinary characters

1. Introduction

For any group there are three kinds of characters ordinary, modular (for a given prime
p), and projective (for S, called spin). The decomposition matrix is the relation between the
ordinary and modular characters for a given prime p (see[1], [2]). Spin characters of S,, can
be written as a liner combination with non-negative coefficients of the irreducible spin
characters [2]. The case in n =25 found by M. M. Jawad [3]. In this paper we use the
techniques as given in [4]. The matrix for this spin from degree (247,207)[2], [5]. There are
50 blocks, the blocks B, B, are of defect two, the blocks Bas,..., B;; are of defect one the
others of defect zero. The notations used in this section can be found in [6].
Lemma (1). Brauer trees of blocks Bs,B,, ... ,By; [7] are:

(24,2)"__(13,11,2) =(13,11,2)'__(13,10,2,1)"__(13,8,3,2)"__(13,7,4,2)"__(13,6,5,2)",
(23,2,1)_(13,12,1) \ y (12,8,3,2,1)_ (12,7,4,2,1)_ (12,6,5,2,1)
(12,11,2,1)*

(23,2,1)'_(13,12,1)'/ \(12,8,3,2,1)'_(12,7,4,2,1)’_(12,6,5,2,1)’
(25,5)*__(16,10)*__(11,10,5) = (11,10,5)'__(10,9,5,2)*_ (10,8,5,2)*_ (10,,7,5,4)",
(21,3,2)_(14,10,2)_ (13,10,3) \ y (10,7,4,3,2)__(10,6,5,3,2)

/ (11,10,3,2)*\ ,
(21,3,2)'__(14,10,2)'_ (13,10,3)’ (10,7,4,3,2) _ (10,6,5,3,2)'

(20,6)"__(17,9)"_(11,9,6) = (11,9,6)'_(10,9,6,1)"__(9,8,6,3)"_(9,7,6,4)",
(20,51)__(16,9,1)__(12,9,5) \ / (9.8,53,1)_(9,7,54,1)

/ (11,9,5,1)*\ :
(20,51)__(16,9,1)' __(12,9,5)' (9.8531)_(9,7541)
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(19,7)*_(18,8)*__(11,8,7) = (11,8,7)'_(10,8,7,1)*__(9,8,7,2)*__(8,7,6,5)",
(19,6,1)__(17,8,1)__(12,8,6) \ / (9,8,6,2,1)__(8,7,6,4,1)
(11,8,6,1)"

(19,6,1)__(17,8,1)__(12.86)" \9,8,6,2,1) (87,641
(19,52)_(16,8.2) (13,85) | ;$108521) (87,542)

/ (11,8,5,2)*\ :
(19,5,2) __(16,8,2)' _ (13,8,5)' (10,8,52,1)'__(8,7,5,4,2)

(19,42,1)"_(15821)"__(1384,1)"__(1284,2)"__(11,84,2,1) =
(11,8,4,2,1) __(8,6,54,2)",

(18,6,2)__(17,7,2)__(13,7,6) \ / (10,7,6,2,1)__(8,7,6,3,2)

/ (11,7,6,2) \ ,
(18,6,2) __(17,7,2)' _ (13,7,6)' (10,7,6,2,1)'__(8,7,6,3,2)’

(18,5,3)__(16,7,3)_(14,7,5) \ / (10,7,5,3,1)_(9,7,5,3,2)
(11,7,5,3)*

(18,5.3)__(16,7.3)__(14,7.5)" \10,7,53,1)_(9.7.5.3,2)

(18,5,2,1)*__(16,7,2,1)*__(13,7,5,1)*__(12,7,5,2)*__(11,7,5,2,1) =
(11,7,5,2,1)'__(8,7,5,3,2,1)",

(17,4,3,2)"_(15,6,3,2)"_(14,6,4,2)"__(13,6,4,3)"_(11,6,4,3,2) =
(11,6,4,3,2)' __(10,6,4,3,2,1)",

(16,4,3,2,1)__(15,5,3,2,1)_ (14,5,4,2,1)_ (13,5,4,3,1)__(12,5,4,3,2)

\ (11,5,4,3,2,1)"
(16,4,3,2,1)’_(15,5,3,2,1)’_(14,5,4,2,1)’_(13,5,4,3,1)’_(12,5,4,3,2)’/
respectively.

Proof. For B,, we use the (r,7)-inducing p.i.s. of Dy, Dyq, Ds3, Dyg,..., Dug, Of S5 10 Sye
we get kq, k,, dsg, dvq,...dss, and since it's associate(see [2]), so (23,2,1) # (23,2,1)" it
follows that k, splits or there are two columns:

Y, = a1(23,2,1) + a,(13,12,1) + a5(12,11,2,1)* + a,(12,8,3,2,1) + as(12,7,4,2,1) +
as(12,6,5,2,1),

Y, = a1(23,2,1)" + a,(13,12,1)' + a5(12,11,2,1)" + a,(12,8,3,2,1)' + a5(12,7,4,2,1)" +
as(12,6,5,2,1),

so that a,, a,, ..., as € {0,1}[7]. Let a, = 1. Since (23,2,1) | S, N (12,8,3,2,1) 1 S, has no
i.m.s, so a, = 0. The same way, we find as,a, = 0. But degY;, Y, = Omod112only when
a;,a, = 1,a; = 0. It follows that k; = dg¢ + dg-. Since B, of defect one. So k, = dgg +
dgo [3]. In the same way B¢, we use (r,+)-inducing and to get kq,k,, ..., ks. Since it's
associate[5]. So k; divided or there are columns:

Y; = a;(21,3,1) + a,(14,10,2) + a5(13,10,3) + a,(11,10,3,2)* + a5(10,7,4,3,2)
+a4(10,6,5,3,2),

Y, = a,(21,3,1) + a,(14,10,2)" + a3(13,10,3)" + a,(11,10,3,2)* + a5(10,7,4,3,2)" +
a¢(10,6,5,3,2)', a,,a,, ...,as € {0,1}. Let a; = 1, and (21,3,2) 1 S,z N (13,10,3,2) | S,:has
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no i.m.s. So a; = 0. In the same way we get a,, as, ag = 0. Then degY;, Y, = Omod 112 only
when a;,a, = 1,a; = 050 k; = dgq + dg,.In the same we divided k,, ks t0 dg3, dgs, dgo,
do, respectively. But B, of defect one so ks, k, splits to dgs, dgg, dg7, dgg. In the way we
prove the blocks  By;,Bi3, Bis. FOr Bg, we use the (r,7)-inducing to get on
dog, do7, k1, ko, d102, .., dqps. SiNce it's associate so k, divided or there Y3, Y, such that:

Y; = a;(16,9,1) + a,{(12,9,5) + a3(11,9,5,1)* + a,(9,8,5,3,1) + a<(9,7,5,4,1),

Y, = a;(16,9,1) + a,(12,9,5)" + a5(11,9,5,1)* + a,(9,8,5,3,1)' + a<(9,7,5,4,1),

a,,d,, ...,as € {0,1}. In the same above degY;,Y, = Omod 112only when a;,a, =1
S0 k; = dgg + do,. But it's of defect one so k, = d;pg + dyp1. In the same way mentional
above we discuss the block B, and B;,. The other we found it by use the (r,#)-inducing
from S,5 to S,edirectly. Finally we find the Brauer trees for the blocks B3, B,, ... ,B;; of
the decomposition that we found [7].

Lemma (2). Decomposition matrix for the block B, of a double [7] is a table (1).

(25,1)" 1
(23,3)" 1)1
(22,3,1) 11
(20,3,2,1)* 11
(18,4,3,1)" 1
(17,5,3,1)*
(16,6,3,1)"
(15,7,3,1)* 1
(14,12)" 1 1
(1411,1) |11 |1 11
(14,9,2,1)* 111 111
(14,8,3,1)" 1 1 1)1
(14,7,4,1)* 1)1 111
(14,6,5,1)* 1 1
(13,9,3,1)* 1111 1
(12,11,3) 1 1
(12,10,3,1)* 21 1
(12,9,3,2)" 1 1]1]2]1
(12,7,4,3)" 11 1)1
(12,6,5,3)" 1 1
(11,9,3,2,1) 1111 1
(11,7,4,3,1) 11111
(11,6,5,3,1) 1
(9,7,4,3,2,1)* 1
(9,6,5,3,2,1)" 1
(7,6,5,4,3,1)" 1
da1id42|d43]d44|d45|d46|d47/d48|daolds0|ds51|d5,|d53|d54|d55|d56|d57|d58/d50|d60
table (1)
Proof. Using (r,7) —inducing of p.i.s. Dy;,D,3,D3,Dy, ..., Dg, D39, D1g, D11, Dus, D47, Dy,
D3q, D16, D53, Des, Dyg, Dyg  OF Sy t0 Sy, We QOt dyq,dyy, ..., dgo respectively. Since
(dys — dae) L(1,0) Szs isnot p.s., s0 dyg & dus, cOnsequently we get the table (1).

Rk e
[EEN

[HEN
[EEN

N
N

RlRR|-
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Theorem (3). Decomposition matrix for spin character of S, the block B, is table (2).

(26) |1

(26)' 1

22,4y |1[1]1]1

(21,41) L

(22,4,1)’ 1) |1

(20,4,2) 11

(20,4,2)' 111

(19,4,3) 11

(19,4,3)' 11

(17,5,4) 1] [1

(17,5,4)' SE

(16,6,4) L

(16,6,4)' SR

(1511)" |1[1]1[1 1)1

(15,10,1) |1 1|1 1 1 1

(15,10,1) |1 |1 1 1 1 1

(15,9,2) 1 |1 E

(15,9,2)' 1 1 1 1

(15,8,3) 1 1 1 1

(15,8,3)' R 1] [1

(15,7,4) 1 1 E

(15,7,4)' 1 1 1 |1

(15,6,5) 1 1

(15,6,5)’' 1 1

(14,8,4) 1] (1] 1] |1

(14,8,4)' ] (1] 1] |12

(13,9,4) 1l |1 1 |1

(13,9,4)' 1] |1 1 |1

(12,10,4) | 1]1 111 1

(12,10,4) [1]1 /1] |1 1

(11,10,4,1) 1)1 1)1

N
N

(11,8,4,3) 1[1]1]1 (1)1t

(11,6,54)" 11 11

(10,9,4,2,1) 1 1

(10,9,4,2,1) 1 1

(10,8,4,3,1) L

(10,8,4,3,1) i 1] [z

(10,6,5,4,1) 1

(10,6,5,4,1) 1

<9’8’4’3’2) 1

(9.8/4,3,2) 1

(9,6,54,2)

(9,6,54,2)’

(8,6,5,4,3)

(8,6,5,4,3)’

dl dZ d3 d4 dS d6 d7 dB d9 d10dlld12d13d14d15d16d17d18d19d20dZleZdZ3d24d2Sd26d27d28d29d30d3ld32d33d34d35d36

d37

table (2)

Proof. By using (r, 7)-inducing of S,s to S,,, we get approximation matrix in table (3).
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(26) 1

(26)’ 1

22,4y |2]1]1

(21,4,1) 1] |1 a,
(22,4,1) 11 a
(20,4,2) 1)1 a,
(20,4,2)’ 1)1 a,
(19,4,3) 1)1 as
(19,4,3)’ 1)1 as
(17,5,4) 11 a,
(17,5,4) 1)1 a,
(16,6,4) 111 as
(16,6,4)’ 1111 as
(1511)" |2]1]1 1[1 ag | ag
(1510,1) [2 1] [1 AHE a,
(15,101 | 2| [1]1 11 a,
(15,9,2) 11 11 ag
(15,9,2)’ 1)1 11 ag
(15,8,3) 111 |1 11 o
(15,8,3)’ 111 |1 11 as
(15,7,4) 1] |2 1)1 a0
(15,7,4)’ 1] |2 11 10
(15,6,5) 1 1 aqq
(15,6,5)’ 1 1 a1
(14,8,4) 1 1[1]1]1 ai,
(14,8,4)' 1 1[1]1]1 ar,
(13,9,4) 11 1[1 s
(13,9,4)’ 11 1]1 s
(12,10,4) |2 111 111 14
(12,10,4) |2 111 111 (14
(11,10,4,1)" 11 21112 4y |ays
(11,9,4,2)" 2|2|1]1]2]1]1 16|01
(11,8,4,3)" 2|2 1111 a7 |as,
(11,6,5,4)" 2 11 Qg |dig
(10,9,4,2,1) 1 1 1] Jayg
(10,9,4,2,1)' 1 1 1 Qo
(10,8,4,3,1) T[] (1] [1]1]ay
(10,8,4,3,1)' 1] (1] T1l1]1] Jay,
(10,6,5,4,1) 1 1]a,,
(10,6,5,4,1)’ 1 1] Jay
(9,8,4,3,2) 1 1]a,,
(9,8,4,3,2)’ 1 1] lay,
(9,6,5,4,2) 11 ]ay,
(9,6,5,4,2)’ 11] Jay
(8,6,5,4,3) 1] la,,
(8,6,5,4,3)' 1 s

kl d3 d4- k2 k3 k4- kS c d15d16 k7 k8 k9 k10k11k12d29d30k13d33d34d35d36k14k15 Yl YZ
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table(3)
Since(k, — ks) l(g4) Sz5 is not p.s., so ks & k,. However kg c ¢ we prove that by the way
of contradiction. Let ((14,8,4) — (15,6,5)) is m.s. for S,¢ but (14,8,4) — (15,6,5) {(g4) S5 i
not m.s., so-. kg = ¢ — kq.

From [3] k; must split to d,,d,. Also (20,4,2) # (20,4,2)" on (11, a)-regular classes
(see[4]). So k, = ds + d or there are two columns. If there are two columns Y3, Y, then we
have the approximation matrix as above, to describe it's such that (21,4,1) | S,5 has 4 of
i.ms. and, from the table(3) we get a, €{0,1,2}, in the same way we get
s, Ay, A11, A1, Azs € {0,1},a5, As, A6, Az1, Az, az3 € {0,1,2},a7, ag, ass, a7, a19 € {0,1, ... 4}
10,13 € {0,1, ...,5}, ag, 12, 14, A16, Az € {0,1,...,6}. Take a, € {1,2} (if a, = 0 then we
have contradiction) and, since (20,4,2) | S,s N (17,5,4) | S, has no i.m.s, so we have
a, = 0 by counting the intersections we get on as, as, a,1, @13, 14, ---, Az4 are equal to zero,
and since inducing m.s. is m.s. [8] we have:

({21,4) — (15,10) +(11,10,4)") TV 5,0 = q; > a, 1)
((15,10) — (21,4)) 11D 5, = a, > a,.Hence a; = a, )
((20,4,1)* — (15,9,1) + (12,9,4)*) 1102 5, = g, > a4 (3)
((15,9,1)* — (20,4,1)*) 1192 & = g4 > a,.Hence a, = ag 4)
((14,8,3)* — (15,7,3)* +(16,6,3)*) 14® S, = a;, > a;, (5)

((15,7,3)* — (14,8,3)* + (13,9,3)*) 1*® S, = a,, = a;,. Hence a;o = a;, (6)
((20)312)* - <21I3)1)* - (18I4)3)* + (22;3) + (17!513>*) T(4,8) 526 = aZ 2 al + a3 (7)
((18,4,3) + (21,3,1)* — (20,3,2)) 1*® S, = a; + a, = a,. Hencea, = a; + a; (8)

then degY;,Y, = 0 mod 112 only when Y; + Y, = n k, + nyk; + n3kg, n, = 0,n, € {1,2},
n; € {0,1,...,5}orn, = 1,n, € {0,1},n; € {0,1, ...,5}. SO k, = ds + ds.

Also (19,4,3) # (19,4,3)' on (11, a) —regular classes . It follows that k5 or k, splits or there
are ¥}, Y, . Let a; = 1, and use the same way above, we get:

Y; = a,(20,4,2) + (19,4,3) + ag(15,9,2) + a9(15,8,3) + a10(15,7,4) + a,,(14,8,4),

Y, = a,(20,4,2)" +(19,4,3)' + ag(15,9,2)' + a(15,8,3) + a,4(15,7,4)" + a,,(14,8,4)’
Since

((20,4,1)* — (15,9,1)* 4 (12,9,4)*) 1192 5, = a, > ag 9)
((15,9,1)* — (20,4,1)*) 1492 G = g4 > a,.Hence a, = ag (10)
((15,7,3)* — (14,8,3)* + (13,9,3)*) 1*® 5, = a;, > ay, (12)
((14,8,3)* — (15,7,3)* + (16,6,3)*) 1*® S, = a;, > a,0.Hence a;p = a;,  (12)
((15,8,2) — (19,4,2) — (13,8,4) + (11,8,4,2)) 103 S, = ag > a5 + a4, (13)
((19,4,2) + (13,8,4) — (15,8,2)) 193 S, = a; + a;o = a,.

Hence ag = a3 + a4 (14)
((14,8,3)* — (14,9,2)* + (14,10,1)*) 14®) 5, = a,, + a¢ = a, (15)
((14,9,2)* — (14,8,3)* + (13,9,3)*) 1¥8® S, = a, > ag + ay,.

Hence a, = aq + a4, (16)

then degY;, Y, = 0 mod 112 only when a,, as, ag, ag = 1,a,,a,, = 0. S0 k3 = d, + dg.
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Also (17,5,4) = (17,5,4)" on (11,a) —regular classes. Suppose that a, = 1. Using the
same technic then we get degY;, Y, = 0 mod 112 only when a,, as = 1. So ky, ks are split to
do,d;g, d11,d, respectively.
For ke, we have (16,6,4) # (16,6,4)". So it's splits or there are other Y;,Y,. So let a5 € {1,2}.
By restricting and inducing, we get Y; = as(16,6,4) + a(15,8,3) + a,,(15,7,4) +
a,1(15,6,5) + a,,(14,8,4), Y, = as(16,6,4)" + a4(15,8,3) + a,,(15,7,4) + a,,(15,6,5)" +
a,,(14,8,4)" and since
((13,8,4)* + (19,4,2)* — (15,8,2)) 10 S, = a;, > a, (17)
((15,8,2)* — (13,8,4)* + (11,8,4,2)*) 103 S, = ag > a;,.Henceay = a;,,  (18)

then degY;, Y, = 0 mod 112 only when Y; + Y, = k¢ + nko, n € {0,1, ...,4}. S0 ks = dy3 +
dig.

For kg, we have (15,9,2) # (15,9,2) . Let ag € {1, ...,4}. By restricting and inducing, we
get: Y; = ag(15,9,2) + a¢(15,8,3) + a,((15,7,4) + a,,(14,8,4) + a,3(13,9,4) +
a,4(12,10,4), Y, = ag(15,9,2)" + a9(15,8,3) + a,,(15,7,4) + a,,(14,8,4)" +

a13(13,9,4)" + a1,(12,10,4)" and, since

((15,10) + (15,10)" + (10,9,4,2) + (10,9,4,2) —(11,10,4)*) 101V 5, =0 >

a,,.Hencea;, =0 (29)
((15,9,1)* — (12,9,4)* + (11,9,4,1)) 1102 5, . = g4 > a;, (20)
((12,9,4)* — (15,9,1)* 4+ (20,4,1)*) 119D & = q,, > ag.Hence ag = a;5  (21)
((15,8,2)* — (13,8,4)" + (11,8,4,2)) 103 S, = aq > ay, (22)
((13,8,4) — (15,8,2)" +(19,4,2)") 103 8, = a,, = a,,. Hence ag = a5, (23)

then degY;, Y, = 0 mod 112 only when Y; + Y, = n kg + nyk,, such that n; € {1,2,3,4},

n, €{0,1,...,6 —n,}, S0 kg = dyq + dyp.

Also (15,8,3) # (15,8,3)". Let aq € {1, ...,6}. By restricting and inducing we get:

Y; = a(15,8,3) + a10(15,7,4) + a1,(15,6,5) + a,,(14,8,4) + a,5(13,9,4) + a,4(11,9,4,2)*
+a,,(11,8,4,3)".Y, = a9(15,8,3) + a;4(15,7,4) + a,:(15,6,5)" + a,,(14,8,4)" +
a,3(13,9,4) + a,6,(11,9,4,2)" + a,,(11,8,4,3)" and since

((12,9,4) — (11,9,4,1) + (9,8,4,3,1)*) 1102 g, = q,. > a,, (24)
((11,9,4,1) — (12,9,4)* + (15,9,1)*) 1102 g, . = q,, > a,5.Hence a;3 = a;s  (25)
((16,6,3)* — (14,6,5)* + (11,6,5,3)) 148 5, = 0 > a,,.Hencea,; =0 (26)
((10,9,4,2) — (10,8,4,3) + (10,6,5,4)) 11V S, = a;3 > a;, (27)
((10,8,4,3) — (10,9,4,2)* + (11,10,4)*) 141D S, = a,, > a;s.

Hence a3 = a4~ (28)
((14,8,3)* + (15,6,5)* — (14,7,4)*) 148 S, = aq > a4, (29)

((14,7,4)* + (14,9,2)* — (14,8,3)*) 148 S, = a,, > a,. Hence ay = a4, (30)

then degY;, Y, = 0 mod 112 only when Y; + Y, = n kg + nyky;, n; = 1,n, € {0,1, ...,4} or
nq € {2,3, ...,5}, n, € {0,1, ,6 - nl}. So kg = d21 + dzz.
Since (15,6,4) # (15,6,4)', let a;; = 1. By restricting and inducing we get:

259
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Yl - a10(15,7,4) + a11<15,6,5) + +a17<11,8,4‘,3>* + a18(11,6,5,4‘>*,Y2 == a10<15,7,4‘), +
a11(15,6,5)" + a,,(14,8,4)" + a,,(11,8,4,3)" + a;5(11,6,5,4)* and, since
((11,6,53) —(11,7,4,3) + (11,9,4,1)) 14® S,c = a5 > ay, (31)

Ko = dj3 + dys.
For k4 let a,, € {1, ...,6}. By restricting and inducing we get on and, since

((13,9,3)* — (14,8,3)* + (15,7,3)") 14® §,c = a,5 > ay, (32)
((14,8,3)* + (12,10,3)* — (13,9,3)") 148 §,. = a,, > a;5.Hence a;, = a3 (33)
((12,9,4)* — (11,9,4,1) + (9,8,4,3,1)") 109D 5, = a,, > a4 (34)

((11,9,4,1) — (12,9,4)* + (15,9,1)*) 1102 g, . = q,, > a,,.Hence a;, = a4, (35)

then degY;, Y, = 0 mod 112 only whenY; + Y, = nkyy, n € {1,2,3,4}, 50 ky; = dy5 + dy.
For kq, let a5 € {1, ...,5}. By restricting and inducing, we get
((11,10,3,1) — (11,9,3,2) + (10,9,3,2,1)* + (14,7,4)) 148 S, = a,c > a;5  (36)
((11,9,3,2) — (11,10,3,1) + (14,11)) 1®® S, = a,, > a;5. Hence a;s = a;¢5 (37)

((11,10,3,1) — (13,9,3)* + (14,8,3)* + (14,9,2)*) 1*® S, = a,: > a;3 (38)
((13,9,3)* —(11,10,3,1) + (14,11) + (10,9,3,2,1)* + (10,7,4,3,1)*) T*4® 5, =
a;3 = a,5.Hence a3 = a;5. (39)

Thenk,, = d,; + d,g. For ky5 let a;, € {1,2}. By restricting and inducing we get on:

((11,6,5,3) — (11,7,4,3) 4+ (10,9,3,2,1)* + (13,9,3)") 1*® §,. = q;, = 0 (40)
((11,10,3,1) — (11,6,3,2) + (11,7,4,3)) 1*® S, = a,c > ay, (41)
((11,9,3,2) — (11,10,3,1) + (14,11)) T®® S, = a,¢ > a;5.Hence a;s = a;¢  (42)
((10,6,5,3,1)* — (9,6,5,3,2)* + (10,9,3,2,1)*) T*® S, = a,, > a3 (43)
((9,6,5,3,2)* — (10,6,5,3,1)* + (11,6,5,3)) T*® S, = a,5 > a,;.

Hence a,; = a,s, (44)

then degY;,Y, = 0mod 112 only when Y, +Y, = njky5 +nyks, ny =0,n, =1 or
ny = 1,n, € {0,1}. So ky3 = d3q + d3,.
For kq4, let a,, = 1. By restricting and inducing then it splits to ds,; and dsg. For k5 let
a,; € {1,2} and since

((10,9,3,2,1)* — (7,6,5,4,3)") T4®) 5,. = a,, = 0. (45)

So it's splits to d3q and d,,. Finally we have 206 columns, and then k, must divided into
d;7 and d;g. The decomposition matrix is shown in Table (3).
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