
, 2019 222 -206Vol. 37(2),                                                                            Basrah Journal of Science              

206 
 

13-Brauer Trees for Spin Characters of Symmetric Group S23 

 

Saeed A. Taban                 and                  Moataz S. Sharqi 

Department of Mathematics, College of Sciences,  University of Basrah, Basrah, Iraq 

 

Doi 10.29072/basjs.20190205 

Abstract 

       In this paper 13-Brauer Trees for Spin Characters of S23 modulo      which gives the 

13-Brauer characters for a spin characters of S23 are calculated. 
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1   Introduction 

          The symmetric groups    has a covering group   
̅̅ ̅  of order       [1]. The projective 

(spin) representation of a group   is a homomorphism         , where        denotes 

the projective general linear group of an  -vector space   [2]. There are two types of a 

projective representations, first is when the field   is of characteristic zero which is called the 

ordinary projective representation and second is a modular projective representation that is 

when the characteristic of   is a prime number. There is no general method to calculate the 

decomposition matrix for an arbitrary group   [3]. In this paper Bruaer trees (decomposition 

matrix) for     modulo      has been calculated by using     ̅ -inducing method [4,5], and 

technique for finding decomposition matrices [3], Where the decomposition matrices for a spin 

characters for the symmetric groups     and     are found by [6,7], which is given in the 

appendix I. Most fact using in this paper can be found in [3,4,5,8]. 

 

2   13-Blocks for     

          The symmetric group     has 43 blocks, ten of them               are of defect one 

while the others are of defect zero [4], Where  

     
    

 ,     
   〈  〉  〈       〉  〈      〉  〈      〉                

                             
   〈     〉 〈     〉  〈       〉  〈      〉   

     
    

 ,     
  {〈    〉 〈    〉  〈      〉  〈        〉  〈        〉  〈       〉 〈       〉 } 

                             
   〈    〉 〈    〉  〈        〉 〈        〉  〈       〉 〈       〉   

     
    

 ,     
  {〈    〉 〈    〉  〈      〉  〈        〉 〈        〉  〈       〉 〈       〉   

                             
   〈    〉 〈    〉  〈        〉 〈        〉  〈       〉 〈       〉   

     
    

 ,     
   〈    〉 〈    〉  〈      〉  〈        〉 〈        〉  〈       〉 〈       〉   

                             
   〈    〉 〈    〉  〈        〉 〈        〉  〈       〉 〈       〉   
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 ,     
   〈      〉  〈      〉  〈          〉  〈         〉   

   
   〈      〉  〈         〉  〈        〉 〈        〉   

     
    

 ,     
   〈    〉 〈    〉  〈      〉  〈        〉 〈        〉  〈       〉 〈       〉   

          
   〈    〉 〈    〉  〈        〉 〈        〉  〈        〉 〈        〉   

     
    

 ,     
   〈      〉  〈      〉  〈          〉  〈         〉   

   
   〈        〉 〈        〉  〈      〉  〈         〉   

     
    

 ,     
   〈      〉 , 〈      〉  〈          〉  〈         〉   

   
   〈      〉  〈          〉  〈        〉  〈        〉   

     
    

 ,     
   〈      〉  〈      〉  〈          〉  〈         〉   

    
   〈      〉  〈         〉  〈        〉 〈        〉   

       
     

 , 

   
   〈        〉 〈        〉  〈        〉 〈        〉  〈          〉  〈           〉 〈           〉 } 

   
   〈        〉  〈        〉  〈        〉 〈        〉  〈           〉 〈           〉   

 

 

    3        13-Brauer Trees for Blocks of         

       In this section, the Brauer trees for the symmetric group     modulo    are found. 

Throughout this section all 13-Brauer trees denoted by B.T.   

              

Lemma 3.1   The B.T. for the principle  block    is 

〈  〉  〈     〉  〈     〉  〈       〉  〈       〉  〈      〉  〈      〉  〈      〉  

 

Proof: 

Since 〈 〉  〈 〉  on       -regular classes in this block and    〈 〉                  
 ,  

   〈 〉                   
  and by       -inducing of a principal indecomposable spin 

characters for S22 (given in appendix I) to S23 we have  

  

          〈  〉  〈     〉  〈     〉     

           〈     〉  〈     〉  〈       〉     

          〈       〉  〈       〉     

          〈       〉  〈      〉     
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          〈      〉  〈      〉     

           〈      〉  〈      〉     

Then we have the Brauer tree for B1.      

 

Lemma 3.2  The B.T of the  block  2 is 

      〈    〉  〈    〉                            〈        〉   〈        〉    〈       〉  〈       〉 

                                       〈      〉  

    〈    〉  〈    〉                            〈        〉   〈        〉    〈       〉  〈       〉  

 

Proof:  

   Using the      -inducing of                          to     we have 

            〈    〉   〈    〉  〈    〉  〈    〉     

          〈    〉  〈    〉   〈      〉     

           〈      〉  〈        〉  〈        〉     

          〈        〉  〈        〉  〈        〉  〈        〉     

          〈        〉  〈        〉  〈       〉  〈       〉     

          〈       〉  〈       〉  〈       〉  〈       〉     

Since 〈    〉  〈    〉  and 〈    〉is irreducible[9], then    splits to give  〈    〉  〈    〉 and 
〈    〉  〈    〉 . In block B2 we have 〈 〉  〈 〉  on (13,  -regular classes thus            

split, by using [4],  so we have the B.T.     

 

Lemma 3.3  The Brauer tree of the block    is  

       〈    〉  〈    〉                           〈        〉   〈        〉    〈       〉  〈       〉 

                                        〈      〉  

      〈    〉  〈    〉                          〈        〉   〈        〉    〈       〉  〈       〉  

Proof: 

By (    -inducing of            we have 

          〈    〉  〈    〉  〈    〉  〈    〉  

          〈    〉  〈    〉   〈      〉  
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           〈      〉  〈        〉  〈        〉  

          〈        〉  〈        〉  〈        〉  〈        〉  

          〈        〉  〈        〉  〈       〉 〈       〉  

          〈       〉  〈       〉  〈       〉  〈       〉  

Since 〈 〉  〈 〉  on       -regular classes, then all the principal characters are splits to give 

the B.T.   

 

Lemma 3.4  The Brauer tree of the block    is 

          〈    〉  〈    〉                       〈        〉   〈        〉    〈       〉  〈       〉 

                                       〈      〉  

       〈    〉  〈    〉                        〈        〉   〈        〉    〈       〉  〈       〉  

 

Proof: 

        The (    -inducing of            gives 

          〈    〉  〈    〉  〈    〉  〈    〉  

          〈    〉  〈    〉   〈      〉  

           〈      〉  〈        〉  〈        〉  

          〈        〉  〈        〉  〈        〉  〈        〉  

          〈        〉  〈        〉 +〈       〉  〈       〉  

          〈       〉  〈       〉  〈       〉  〈       〉  

    On       -regular classes we have 〈 〉  〈 〉  in the block B4 then all the principal 

characters are splits to give the Brauer tree.   

 

Lemma 3.5  The Brauer tree of the block    is 

〈      〉  〈      〉  〈      〉  〈        〉  〈        〉  〈          〉  〈         〉  〈         〉  

 

Proof:  
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    〈        〉  〈        〉  〈      〉  〈         〉            

    〈      〉  〈      〉  〈          〉  〈         〉             

By (7,7)-inducing of                         to     since 〈        〉  〈        〉  on 

(13,  -regular classes and    〈 〉                 
      〈 〉                  

 , 

then we have B.T. for this block. 

 

Lemma 3.6    The block    has B.T. 

        〈    〉  〈    〉                          〈        〉   〈        〉    〈        〉  〈       〉 

                                       〈      〉  

      〈    〉  〈    〉                          〈        〉   〈        〉    〈        〉  〈       〉  

 

Proof:  

Using (6,8)-inducing of           to     we have 

              〈    〉  〈    〉  〈    〉  〈    〉  

             〈    〉  〈    〉   〈      〉  

              〈      〉  〈        〉  〈        〉  

             〈        〉  〈        〉  〈        〉  〈        〉  

             〈        〉  〈        〉  〈        〉  〈        〉  

             〈        〉  〈        〉  〈       〉  〈       〉  

Since 〈 〉  〈 〉  on       -regular classes, then all the principal characters are splits to give 

the Brauer tree.      

 

Lemma 3.7    B.T. of the block    is 

〈      〉  〈      〉  〈      〉  〈        〉  〈        〉  〈          〉  〈         〉  〈         〉  

Proof: 

Since 〈 〉  〈 〉  on       -regular classes in this block and    〈 〉                  
 ,  

   〈 〉                   
  and by      -inducing of                         to S23 

then we have B.T. for the block B7.    
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Lemma 3.8   The Brauer tree of the block    is 

〈      〉  〈      〉  〈      〉  〈        〉  〈        〉  〈          〉  〈          〉  〈         〉  

Proof:  

On       -regular classes we have 〈        〉  〈        〉  in this block B1 and since 

   〈 〉                    
 ,    〈 〉                   

  and by       -inducing of 

a spin characters                         to S23 thus we have B.T. for B8.     

 

Lemma 3.9   The Brauer tree for    is 

〈      〉  〈      〉  〈      〉  〈        〉  〈        〉  〈          〉  〈         〉  〈         〉  

Proof: 

       By (5,9)-inducing of a spin characters                          to S23 since      
                

 ,                        
  and     on (13,  -regular classes in 

the block B9, then we got the B.T. for B9.    

 

Theorem   The decomposition matrix        for the symmetric group     given in appendix II. 

Proof: 

Since all blocks for the symmetric group S23 (except the block    ) are determined in the above 

lemmas, then we have only to determine the block    . Now since                   
   

  and                       
 , by (1,0)-inducing of the spin characters 

                            for S22 to S23 we have the approximation matrix below 

(Table(1)) 

Table(1) 

                                        

〈        〉 1            

〈        〉   1           

〈        〉 1  1          

〈        〉   1  1         

〈        〉   1  1        

〈        〉     1  1       

〈        〉     1 1 1      

〈        〉      1 1  1     

〈          〉      1 1 1 1 1 1   

〈           〉         1  1  

〈           〉           1  1 

〈           〉           1  

〈           〉             1 
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    Since 〈          〉 and 〈          〉  are of defect zero in     then 

〈          〉      〈        〉  〈          〉  

〈          〉      〈        〉  〈          〉  

So                splits to         which are indecomposable. 

     Either         indecomposable or        ,         indecomposable[3].     
         and                 if     is indecomposable, then 〈        〉           

and 〈          〉                     thus   〈          〉  〈        〉 is 

modular. 

Now,        〈          〉  〈          〉  〈        〉  〈        〉  〈        〉 

                        〈          〉  〈          〉  〈        〉   

which is not modular for     so     is not indecomposable. Hence         and         

and we have the B.T. for B10.    

 

Appendix I 

 

The decomposition matrix for     
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Spin characters        for the block  B1 

〈  〉 1            

〈  〉   1           

〈    〉  1 1 1 1         

〈      〉   1  1        

〈      〉     1  1       

〈      〉     1  1      

〈      〉       1  1     

〈      〉       1  1    

〈      〉         1  1   

〈     〉         1  1  

〈     〉           1  1 

〈     〉           1  

〈     〉             1 

                                        

Spin characters        for the block  B2 

〈    〉  1      

〈    〉  1 1     

〈      〉  1 1    

〈      〉   1 1    

〈        〉    1 1   

〈        〉     1 1  

〈       〉      1 1 

〈       〉       1 
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Spin characters        for the block  B3 

〈    〉  1      

〈    〉  1 1     

〈      〉  1 1    

〈      〉   1 1    

〈        〉    1 1   

〈        〉     1 1  

〈       〉      1 1 

〈       〉       1 

                         

Spin characters        for the block  B4 

〈    〉  1      

〈    〉  1 1     

〈      〉  1 1    

〈      〉   1 1    

〈        〉    1 1   

〈        〉     1 1  

〈       〉      1 1 

〈       〉       1 
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Spin characters        for the block  B5 

〈      〉 1            

〈      〉   1           

〈      〉  1  1          

〈      〉   1  1         

〈      〉    1  1        

〈      〉     1  1       

〈        〉      1 1 1 1     

〈          〉        1  1    

〈          〉         1  1   

〈         〉         1  1  

〈         〉           1  1 

〈         〉           1  

〈         〉             1 

                                                 

Spin characters        for the block  B6 

〈    〉  1      

〈    〉  1 1     

〈      〉  1 1    

〈      〉   1 1    

〈        〉    1 1   

〈        〉     1 1  

〈        〉      1 1 

〈       〉       1 
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Spin characters        for the block  B7 

〈      〉 1            

〈      〉   1           

〈      〉  1  1          

〈      〉   1  1         

〈      〉    1  1        

〈      〉     1  1       

〈        〉      1 1 1 1     

〈          〉       1  1    

〈          〉         1  1   

〈         〉         1  1  

〈         〉           1  1 

〈         〉           1  

〈         〉             1 

                                                 

Spin characters        for the block  B8 

〈      〉 1            

〈      〉   1           

〈      〉  1  1          

〈      〉   1  1         

〈      〉    1  1        

〈      〉     1  1       

〈        〉      1 1 1 1     

〈          〉       1  1    

〈          〉         1  1   

〈         〉         1  1  

〈         〉           1  1 

〈         〉           1  

〈         〉             1 
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Appendix II 

 

The decomposition matrix for     

 

 

 

 

 

 

 

 

 

 

 

 

       for the block  B1 Spin characters 

     1 〈  〉  

    1 1 〈     〉 

    1 1 〈     〉  

   1 1  〈       〉  

  1 1   〈       〉  

 1 1    〈      〉  

1 1     〈      〉  

1      〈      〉  

                   

Spin characters        for the block  B2 

〈    〉 1            

〈    〉   1           

〈    〉 1  1          

〈    〉   1  1         

〈      〉    1 1 1 1       

〈        〉     1  1      

〈        〉       1  1     

〈        〉       1  1    

〈        〉         1  1   

〈       〉         1  1  

〈       〉           1  1 

〈       〉           1  

〈       〉             1 
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Spin characters        for the block  B3 

〈    〉 1            

〈    〉   1           

〈    〉 1  1          

〈    〉   1  1         

〈      〉    1 1 1 1       

〈        〉     1  1      

〈        〉       1  1     

〈        〉       1  1    

〈        〉         1  1   

〈       〉         1  1  

〈       〉           1  1 

〈       〉           1  

〈       〉             1 

                                                 

Spin characters        for the block  B4 

〈    〉 1            

〈    〉   1           

〈    〉 1  1          

〈    〉   1  1         

〈      〉    1 1 1 1       

〈        〉     1  1      

〈        〉       1  1     

〈        〉       1  1    

〈        〉         1  1   

〈       〉         1  1  

〈       〉           1  1 

〈       〉           1  

〈       〉             1 
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       for the block  B5 Spin characters 

     1 〈      〉  

    1 1 〈      〉  

   1 1  〈      〉  

  1 1   〈        〉  

  1 1   〈        〉  

 1 1    〈          〉  

1 1     〈         〉  

1      〈         〉  

                         

Spin characters        for the block  B6 

〈    〉 1            

〈    〉   1           

〈    〉 1  1          

〈    〉   1  1         

〈      〉    1 1 1 1       

〈        〉     1  1      

〈        〉       1  1     

〈        〉       1  1    

〈        〉         1  1   

〈        〉         1  1  

〈        〉           1  1 

〈       〉           1  

〈       〉             1 
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       for the block  B7 Spin characters 

     1 〈      〉  

    1 1 〈      〉  

   1 1  〈      〉  

  1 1   〈        〉  

  1 1   〈        〉  

 1 1    〈          〉  

1 1     〈         〉  

1      〈         〉  

                         

       for the block  B8 Spin characters 

     1 〈      〉  

    1 1 〈      〉  

   1 1  〈      〉  

  1 1   〈        〉  

  1 1   〈        〉  

 1 1    〈          〉  

1 1     〈          〉  

1      〈         〉  

                         

       for the block  B9 Spin characters 

     1 〈      〉  

    1 1 〈      〉  

   1 1  〈      〉  

  1 1   〈        〉  

  1 1   〈        〉  

 1 1    〈          〉  

1 1     〈         〉  

1      〈         〉  
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Spin characters        for the block  B10 

〈        〉 1            

〈        〉   1           

〈        〉 1  1          

〈        〉   1  1         

〈        〉    1  1        

〈        〉     1  1       

〈        〉      1  1      

〈        〉       1  1     

〈          〉        1 1 1 1   

〈           〉         1  1  

〈           〉           1  1 

〈           〉           1  

〈           〉             1 
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 S23ـ للزمرة التناظرية 31من النمط براور  اشجار  -31

 

  
 
ق ز ساجد شر  سعيد عبد الامير تعبان ، معي 

 

 مستخلصال

 

  هذا البحث تم حساب اشجار 
ز
        للمشخصات الاسقاطية للزمرة التناظرية        براور قياس  ق

تعطينا  والت 

 . S23 التناظرية للزمرة      قياس  المشخصات الاسقاطية المعيارية

 


