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Abstract

In this paper 13-Brauer Trees for Spin Characters of Sp3 modulo p = 13 which gives the
13-Brauer characters for a spin characters of Sy are calculated.
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1 Introduction

The symmetric groups S, has a covering group S, of order 2(n!) [1]. The projective
(spin) representation of a group G is a homomorphism G — PGL(V), where PGL(V) denotes
the projective general linear group of an [F-vector space V [2]. There are two types of a
projective representations, first is when the field FF is of characteristic zero which is called the
ordinary projective representation and second is a modular projective representation that is
when the characteristic of IF is a prime number. There is no general method to calculate the
decomposition matrix for an arbitrary group G [3]. In this paper Bruaer trees (decomposition
matrix) for S,; modulo p = 13 has been calculated by using (r, 7)-inducing method [4,5], and
technique for finding decomposition matrices [3], Where the decomposition matrices for a spin
characters for the symmetric groups S,; and S,, are found by [6,7], which is given in the
appendix I. Most fact using in this paper can be found in [3,4,5,8].

2  13-Blocks for S,3

The symmetric group S,5 has 43 blocks, ten of them B;, B,, ..., B;, are of defect one
while the others are of defect zero [4], Where

B, = B}UB?, B! = {(23)*,(12,10,1)*,(10,9,4)",(10,7,6)"}
B? = {(13,10),(13,10)’,(11,10,2)*,(10,8,5)*}

B, = B} U B2, B} ={(22,1),(22,1),(13,9,1)*,(10,9,3,1) ,(10,9,3,1)",(9,7,6,1),(9,7,6,1)'}
B2 = {(14,9),(14,9),(11,9,2,1),(11,9,2,1)",(9,8,5,1),(9,8,5,1)'}

B; = B} U B2, B} ={(21,2),(21,2Y,(13,8,2)%,(10,8,3,2),(10,8,3,2),(8,7,6,2),(8,7,6,2)'}
B? = {(15,8),(15,8),(12,8,2,1),(12,8,2,1),(9,8,4,2), (9,8,4,2)'}

B, = B} UB2, B} ={(20,3),(20,3),(13,7,3)*,(11,7,3,2),(11,7,3,2)',(8,7,5,3),(8,7,5,3)'}

B? = {(16,7),(16,7)',(12,7,3,1),(12,7,3,1),(9,7,4,3),(9,7,4,3)'}
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Bs = BLU B2, Bl={(20,2,1)",(14,7,2)",(10,7,3,2,1)*,(8,7,5,2,1)*}
B2 = {(15,7,1)*,(9,7,4,2,1)*,(13,7,2,1),(13,7,2,1)"}
Bs = BLUB2, B! ={(19,4),(19,4),(13,6,4)",(11,6,4,2),(11,6,4,2),(8,6,5,4),(8,6,5,4)'}
B2 = {(17,6),(17,6),(12,6,4,1),(12,6,4,1), (10,6,4,3),(10,6,4,3)'}
B, = B} UB2, B}={(19,3,1)",(14,6,3)",(11,6,3,2,1),(8,6,5,3,1)*}
B2 = {(13,6,3,1),(13,6,3,1)’,(16,6,1)%,(9,6,4,3,1)"}
Bg = BL U B2, B}={(184,1)",(14,54)",(11,5,4,2,1)",(7,6,5,4,1)*}
B2 = {(17,5,1)*,(10,5,4,3,1)",(13,5,4,1) ,(13,5,4,1)'}
B, = B U B2, B} ={(18,3,2)*,(15,5,3)"(12,5,3,2,1)*,(7,6,5,3,2)"}
B2 = {(16,5,2)",(9,5,4,3,2)",(13,5,3,2),(13,5,3,2)'}

Bio = Bip U By,
B%O = {(17'3'2'1>' (17!31211},) (15}4}3)1)) (15141311>Il (13l4l3l2l1)*l <7I6I4I3I2I1>I <7J654535251)’}

B]?O = {(16,4‘,2,1) ) <16,4‘,2,1),, (14141312)1 <14,4,3,2>I’ (8'5'4'3'2'1)' (8'554;3;2;1)’}

3 13-Brauer Trees for Blocks of §,3

In this section, the Brauer trees for the symmetric group S,3; modulo 13 are found.
Throughout this section all 13-Brauer trees denoted by B.T.

Lemma 3.1 The B.T. for the principle block B, is
(23)* —(13,10) = (13,10)' — (12,10,1)* — (11,10,2)* — (10,9,4)* — (10,8,5)* — (10,7,6)"

Proof:
Since (1) = (1)’ on (13, a)-regular classes in this block and deg(1) = 7 mod 13 V 1 € B},

deg{B) = —7 mod 13 V B € B? and by (10,4)-inducing of a principal indecomposable spin
characters for Sy, (given in appendix I) to S,3 we have

dy 1099=(23)" +(13,10) +(13,10)’ = D;
d3 T(10,4-)= (13,1()) + <13’10)’ + <12,10,1)* = DZ

ds 10=(12,10,1)" +(11,10,2)" = Dy

d, 1009=(11,10,2)" +(10,9,4)" = D,
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do 1(10,4) — (10,9,4)* + (10,8,5)* = Dy
dis 1(10,4) — (10,8,5)* + (10,7,6)" = Dg

Then we have the Brauer tree for B;. =

Lemma 3.2 The B.T of the block B> is

(22,1) — (14,9) (11,9,2,1) — (10,9,3,1) — (9,8,5,1) —(9,7,6,1)
/
(13,9,1)
- AN
(22,1)" — (14,9)’ (11,9,2,1)' = (10,9,3,1) — (9,8,5,1)' —(9,7,6,1)’
Proof:

Using the (9,5)-inducing of dy5, dy3, dy4, dys, d1g, d17 10 So3 We have
dy, 109= (22,1) + (22,1)" + (14,9) + (14,9) = h,
dyz 1O = (14,9) + (14,9)' + 2(13,9,1)* = h,
dis TO9=2(13,9,1)* +(11,9,2,1) + (11,9,2,1)' = h4
dis 10=(11,9,2,1) +(11,9,2,1) +(10,9,3,1) +(10,9,3,1)' = h,
dig T@9=(10,9,3,1) +(10,9,3,1)' +(9,8,5,1) +(9,8,5,1)' = h
dy; 1°9=(9,8,51) +(9,8,5,1)' +(9,7,6,1) + (9,7,6,1)' = h
Since (22,1) # (22,1)" and (22,1)is irreducible[9], then h, splits to give (22,1) +(14,9) and

(22,1) +(14,9)". In block B, we have (1) # (1)’ on (13,a)-regular classes thus hy, hs, ..., hg
split, by using [4], so we havethe B.T. m

Lemma 3.3 The Brauer tree of the block Bj is

(21,2) — (15,8) (12,8,2,1) — (10,8,3,2) — (9,8,4,2) — (8,7,6,2)
/
(13,8,2)"
e AN
(21,2)" —(15,8)’ (12,8,2,1)' — (10,8,3,2)" — (9,8,4,2)' —(8,7,6,2)’
Proof:

By (8,6)-inducing of dq, ..., d,4 We have
dyo T®O=(21,2) + (21,2)" +(15,8) + (15,8)"

dao 189)= (15,8) + (15,8)" + 2(13,8,2)"
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dy; 1®0=2(13,8,2)* + (12,8,2,1) + (12,8,2,1)’

d,, 1®9=(12,8,2,1) + (12,8,2,1)' + (10,8,3,2) + (10,8,3,2)’
d,s 1= (10,8,3,2) +(10,8,3,2)' + (9,8,4,2),(9,8,4,2)’

dy, 1®9=(9,8,4,2) + (9,8,4,2) + (8,7,6,2) + (8,7,6,2)'

Since (1) # (1)’ on (13, @)-regular classes, then all the principal characters are splits to give
the B.T. m

Lemma 3.4 The Brauer tree of the block B, is

(20;3> - (16;7> (12;713;1) - (11171312> - (9'7;4‘;3) - (8'7;5;3)
/
(13,7,3)"
e N
(20,3)" — (16,7)’ (12,7,3,1)' — (11,7,3,2)" — (9,7,4,3)' — (8,7,5,3)’
Proof:

The (7,7)-inducing of ds, ..., d3o gives

dys 177 =(20,3) + (20,3) + (16,7) + (16,7)

dye 177 = (16,7) + (16,7) + 2(13,7,3)*

dy, 177 =2(13,7,3)* +(12,7,3,1) + (12,7,3,1)’

dye T77=(12,7,3,1) +(12,7,3,1)' 4+ (11,7,3,2) + (11,7,3,2)’
dye T77=(11,7,3,2) + (11,7,3,2)'+(9,7,4,3) + (9,7,4,3)'

dzo 177=(9,7,4,3) + (9,7,4,3) + (8,7,5,3) + (8,7,5,3)’

On (13, a)-regular classes we have (1) # (1)" in the block B, then all the principal
characters are splits to give the Brauer tree. m

Lemma 3.5 The Brauer tree of the block Bs is

(20,2,1)* — (15,7,1)" — (14,7,2) — (13,7,2,1) = (13,7,2,1) —(10,7,3,2,1)* — (9,7,4,2,1)* — (8,7,5,2,1)"

Proof:
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deg{(13,7,2,1) + (13,7,2,1)',(15,7,1)*,(9,7,4,2,1)*} = 7 mod 13
deg{(20,2,1)*,(14,7,2)*,(10,7,3,2,1)*,(8,7,5,2,1)*} = =7 mod 13

By (7,7)-inducing of dsq,ds3,d35,ds7,ds9,dyq t0 Sy3 since (13,7,2,1) = (13,7,2,1)" on
(13,a)-regular classes and deg(y) =7 mod 13V y € BZ, deg{y) = —7 mod 13V y € B,
then we have B.T. for this block.

Lemma 3.6 The block By has B.T.

(19,3) — (17,6) (12,6,4,1) — (11,6,4,2) — (10,6,4,3) — (8,6,5,4)
/
(13,6,4)"
e AN
(19,3)' — (17,6)’ (12,6,4,1)' — (11,6,4,2)" — (10,6,4,3)' —(8,6,5,4)'
Proof:

Using (6,8)-inducing of d,s, ..., d,4g t0 S,3 we have

dys 168 S0 = (19,4) + (19,4) + (17,6) + (17,6)'

dyy T8 S,0 = (17,6) + (17,6) + 2(13,6,4)*

dys 168 5,0 = 2(13,6,4)" + (12,6,4,1) + (12,6,4,1)’

dy 108 S,0 = (12,6,4,1) + (12,6,4,1) + (11,6,4,2) + (11,6,4,2)'
dy; 168 S, = (11,6,4,2) + (11,6,4,2) + (10,6,4,3) + (10,6,4,3)’
dyg T8 S,0 = (10,6,4,3) + (10,6,4,3) + (8,6,5,4) + (8,6,5,4)’

Since (1) = (1)’ on (13, a)-regular classes, then all the principal characters are splits to give
the Brauer tree. m

Lemma 3.7 B.T. of the block B is

(19,3,1)* — (16,6,1)* — (14,6,3)* — (13,6,3,1) = (13,6,3,1) — (11,6,3,2,1)* — (9,6,4,3,1)* — (8,6,5,3,1)"
Proof:

Since (1) = (1)’ on (13, a)-regular classes in this block and deg(1) = 7 mod 13 V 1 € B},

deg(B) = —7 mod 13 V B € B? and by (6,8)-inducing of d,q, dsq,dss, dss, ds7, dsg 10 So3
then we have B.T. for the block B;. m
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Lemma 3.8 The Brauer tree of the block Bg is
(18,4,1) — (17,5,1)" — (14,5,4) — (13,5,4,1) =(13,54,1) —(11,5,4,2,1)* —(10,5,4,3,1)* — (7,6,5,4,1)"
Proof:

On (13, a)-regular classes we have (13,5,4,1) = (13,5,4,1)' in this block B; and since
deg(l) = —12mod 13 V 1 € B, deg(1) = 12 mod 13 V A € B3 and by (4,10)-inducing of
a spin characters dq, dz, dss, dss, ds7, dsg t0 Sp3 thus we have B.T. for Bg. m

Lemma 3.9 The Brauer tree for By is
(18,3,2)" — (16,5,2)" — (15,5,3)* — (13,5,3,2) = (13,5,3,2)' —(12,5,3,2,1)" — (9,5,4,3,2)" —(7,6,5,3,2)"
Proof:

By (5,9)-inducing of a spin characters dgq, dg3, des, dg7, dgo, d71 10 Spz since degd =
7mod 13 VA € B, degd=-7 mod 13V A€ B2 and 1 = A'on (13,a)-regular classes in
the block By, then we got the B.T. for Bg. m

Theorem The decomposition matrix D,3 13 for the symmetric group S,z given in appendix II.
Proof:

Since all blocks for the symmetric group S,z (except the block B;,) are determined in the above
lemmas, then we have only to determine the block B;,. Now since degd = 8mod 13V A €
Bl, and degl=-8mod13V A€ B%, by (1,0)-inducing of the spin characters
deg1,dga, ) dgg, deg, dgo, -, d75 TOr Sz to Spz we have the approximation matrix below
(Table(1))

Table(1)

01 | 6, | 63 | 64 | 05 | 65 | 07 | 83 | 09 | 619 | 015 | 013
(17,3,2,1) 1
(17,3,2,1) 1
(16,4,2,1) 1 1
(16,4,2,1)' 1 1
(15,4,3,1) 1 1
(15,4,3,1) 1 1
(14,4,3,2) 1 [ 1] 1
(14,4,3,2)' 1|1 1
(13,4,3,2,1)" 1 [ 11111
(8,5,4,3,2,1) 1 1
(8,5,4,3,2,1) 1 1
(7,6,4,3,2,1) 1
(7,6,4,3,2,1) 1

Lss | Lse | Lsy | Lsg | Lsg | Leo | Le1 | Le2 | Les | Lea | Les | Les
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Since (14,4,3,2,1) and (14,4,3,2,1)" are of defect zero in S,, then
(14,4,3,2,1) | S,z = (14,4,3,2) + (13,4,3,2,1)*
(14,4,3,2,1)' | S,5 = (14,4,3,2)' + (13,4,3,2,1)"
Sodg, T4 S, = L splits to Lg; + Lg, Which are indecomposable.

Either Lgo, Lgy indecomposable or Lgg — Lgy, Lo — Lg; indecomposable[3]. Lgg =
0 mod 13 and Lgg — k, = 0 mod 13 if Lgq is indecomposable, then (14,4,3,2) = 05 + 6, + 6,
and (13,4,3,21) =05 + 05+ 0, + 0 + 65 + 6,, thus 6 =(13,4,3,2,1)* —(14,4,3,2) is
modular.

Now, 0 1 S,3 =(12,4,3,2,1) +(12,4,3,2,1)' +(13,4,3,2)" — (13,4,3,2)" — (14,4,3,1)
=(12,4,3,2,1) +(12,4,3,2,1) —(14,4,3,1)

which is not modular for S,, so Lsg is not indecomposable. Hence L¢g, € Lsg and Lg; € Lgg
and we have the B.T. for Bip. m

Appendix I

The decomposition matrix for S,,
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Spin characters D, 43 for the block B1
(22) 1
(22)’ 1
(13,9)" 1 1 1 1
(12,9,1) 1 1
(12,9,1)' 1 1
(11,9,2) 1 1
(11,9,2)' 1 1
(10,9,3) 1 1
(10,9,3) 1 1
(9,8,5) 1 1
(9,8,5) 1 1
(9,7,6) 1
(9,7,6)' 1

dy |dy | d3 | dy | ds | dg|dy|dg|dg|dy|dy|dy

Spin characters D, 43 for the block Bz

(21,1)" 1

(14,8)" 1 1

(13,8,1) 1] 1

(13,8,1) 1 1

(11,8,2,1)* 1| 1

(10,8,3,1)" 1 1

(9,8,4,1) 1 1

(8,7,6,1)" 1
di3| dig | dis | dig | dy7 | dyg
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Spin characters D, 43 for the block Bs

(20,2)" 1

(15,7)" 1 1

(13,7,2) 1 1

(13,7,2) 1 1
(12,7,2,1)" 1 1
(10,7,3,2)" 1 1
(9,7,4,2)" 1] 1
(8,7,5,2)" 1

dig | dao | dz1 | dy; | dy3 | dpy

Spin characters D, 43 for the block B4

(19,3)" 1

(16,6) 1 1

(13,6,3) 1 1

(13,6,3)’ 1 1

(12,6,3,1)* 1|1

(11,6,3,2)" 1 1

(9,6/4,3)" 1] 1

(8,6,5,3)" 1
das | dze | dz7 | dag | dag | d3o
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Spin characters D, 43 for the block Bs

(19,2,1) 1

(19,2,1)’ 1

(15,6,1) 1 1

(15,6,1)' 1 1

(14,6,2) 1 1

(14,6,2)’ 1 1

(13,6,2,1)* 10111

(10,6,3,2,1) 1 1

(10,6,3,2,1)' 1 1

(9,6,4,2,1) 1 1

(9,6,4,2,1)' 1 1

(8,6,5,2,1) 1

(8,6,5,2,1)’ 1

Spin characters D, 43 for the block Be

(18,4)" 1

(17,5)* 1|1

(13,5,4) 1 1

(13,5,4) 1 1

(12,5,4,1)* 1|1

(11,5,4,2)* 1|1

(10,5,4,3)" 1 1

(7,6,5,4) 1
dy3 | dyg | dys | dag | da7 | dyg
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Spin characters D, 43 for the block B7

(18,3,1) 1

(18,3,1) 1

(16,5,1) 1 1

(16,5,1) 1 1

(14,5,3) 1 1

(14,5,3) 1 1

(13,5,3,1)" 1 1 1 1

(11,5,3,2,1) 1 1

(11,5,3,2,1) 1 1

(9,5/4,3,1) 1 1

(9,5,4,3,1)’ 1 1

(7I6I5I3I1> 1

<7I6I5l3I1>, 1

dyg | dsg | dsq | dsy | ds3 | dsy | dss | dsg | dsy | dsg | dsg | dgo

Spin characters D, 43 for the block Bs

(17,3,2) 1

(17,3,2)' 1

(16,4,2) 1 1

(16,4,2)' 1 1

(15,4,3) 1 1

(15,4,3) 1 1

(13,4,3,2)" 111111

(12,4,3,2,1) 1 1

(12,4,3,2,1) 1 1

(8,54,3,2) 1 1

(8,5,4,3,2)' 1 1

(7,6/4,3,2) 1

(7,6,4,3,2)' 1
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Appendix II
The decomposition matrix for Sz
Spin characters D3 43 for the block B:
(23)"
(13,10)
(13,10)
(12,10,1)" 1 1
(11,10,2)" 1 1
(10,9,4)" 1 1
(10,8,5)" 1 1
(10,7,6)" 1
D, | b, | D; | D, | Ds | Dg
Spin characters D3 43 for the block Bz
(22,1) 1
(22,1) 1
(14,9) 1 1
(14,9Y 1 1
(13,9,1)* 1111111
(11,9,2,1) 1 1
(11,9,2,1) 1 1
(10,9,3,1) 1 1
(10,9,3,1) 1 1
(9,8,5,1) 1 1
(9,8,5,1)' 1 1
(9,7,6,1) 1
(9,7,6,1)' 1
D; | Dg | Dg | D1o| D11 | D12| D13| D14 | Dy5| D16 | D17| D1g
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Spin characters D33 43 for the block B3
(21,2) 1
(21,2)' 1
(15,8) 1 1
(15,8)’ 1 1

(13,8,2)" 1 1 1 1
(12,8,2,1) 1 1
(12,8,2,1)' 1 1
(10,8,3,2) 1 1
(10,8,3,2)’ 1 1

(9,8,4,2) 1 1
(9,8,4,2) 1 1

(8,7,6,2) 1
(8,7,6,2)' 1

Spin characters D33 43 for the block Bs
(20,3) 1
(20,3)' 1
(16,7) 1 1
(16,7)' 1 1

(13,7,3)" 101]1]1
(12,7,3,1) 1 1
(12,7,3,1)’ 1 1
(11,7,3,2) 1 1
(11,7,3,2) 1 1

(9,7,4,3) 1 1
(9,7,4,3) 1 1

(8,7,5,3) 1
(8,7,5,3) 1
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Spin characters D3 43 for the block Bs

(20,2,1)"
(15,7,1)*
(14,7,2)* 1 1

(13,7,2,1) 1 1

(13,7,2,1) 1

(10,7,3,2,1)"

(9,7,4,2,1) 1 1
(8,7,5,2,1)* 1

Dy3 | Dyy | Dys | Dyg | Dy7 | Dyg

Spin characters D3 43 for the block Be
(19,4) 1
(19,4)' 1
(17,6) 1 1
(17,6)' 1 1

(13,6,4)" 1 1 1 1
(12,6,4,1) 1 1
(12,6,4,1) 1 1
(11,6,4,2) 1 1
(11,6,4,2) 1 1
(10,6,4,3) 1 1
(10,6,4,3)’ 1

(8,6,5,4) 1
(8,6,5,4)'
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Spin characters D3 43 for the block By
(19,3,1)*
(16,6,1)"
(14,6,3)" 1 1
(13,6,3,1) 1
(13,6,3,1)’ 1 1
(11,6,3,2,1)* 1 1
(9,6,4,3,1)* 1 1
(8,6,5,3,1)" 1
D¢y | Dgz | Dg3 | Dgs | Dgs | Dege

Spin characters D3 13 for the block Bs

(18,4,1)"
(17,5,1)" 1 1
(14,5,4) 1 1

(13,5,4,1) 1

(13,5,4,1) 1

(11,5,4,2,1)"

(10,5,4,3,1)" 1 1
(7,6,5,4,1) 1

Dg7 | Deg | Deg | D79 | D71 | D72

Spin characters D3 43 for the block By
(18,3,2)*
(16,5,2)"
(15,5,3)" 1 1
(13,5,3,2) 1 1
(13,5,3,2)' 1
(12,5,3,2,1)* 1 1
(9,5,4,3,2) 1 1
(7,6,5,3,2)" 1
D73 | D74 | D75 | D76 | D77 | Dyg
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Spin characters D33 43 for the block Bio
(17,3,2,1) 1
(17,3,2,1)' 1
(16,4,2,1) 1 1
(16,4,2,1)' 1 1
(15,4,3,1) 1 1
(15,4,3,1)' 1 1
(14,4,3,2) 1 1
(14,4,3,2)' 1 1

(13,4,3,2,1)" 1 1 1 1
(8,5,4,3,2,1) 1 1
(8,5,4,3,2,1)' 1 1
(7,6,4,3,2,1) 1
(7,6,4,3,2,1) 1
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