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Abstract
The main purpose of this paper, is to introduce and study the common fixed point
by using the concept of partial metric space and combine with class of b-metric space
under a contractive condition which introduce LJ-B. Ciric. Our results improve and unify
a multitude of fixed point theorems and generalize some recent results in partial b-metric
spaces.
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1. Introduction

In Czerwik [1] introduced the concept of b-metric space as a generalization of
metric space and proved the Banach Contraction principle in b-metric space. In Matthew
[2] introduced the notion of partial metric space as a generalization of metric space in
which each object does not necessarily have a zero distance from itself.

Recently in Shukla [3] introduced the notion of partial b-metric space as a
generalization of partial metric space and b-metric space, and he proved the fixed point
theorem of Banach contraction principle and Kannan type mapping in partial b-metric
space.

In this paper, we prove some fixed point in partial b-metric space for generalized
contraction which introduced by Ciric [4] (see for instance ([5]-[12]) and refernce
thereof)

2. Preliminaries

we recall some definitions and notions of partial b-metric space.

Definition 2.1 [1] A b-metric on a nonempty set X is a self map d: X? - R*
satisfying the following conditions:

(bM1) d(x,y) = 0ifand only if x = y, for every x, y in X;

(bM2) d(x,y) = d(y,x),

(bM3) There exist areal number b > 1 such that d(x,y) < b[d(x,z) + d(z,y)]
,forevery x,y,zinX;

the pair (X, d) is called a b-metric space (b.M.S) a generalization of usual metric
space.

Definition 2.2 [6] A partial metric on a nonempty set X, is a self map
p:X? - R satisfying the following axioms:
(pM1) x =y © p(x,x) = p(x,y) = p(y,y),(separation axiom)
(pM2) 0 < p(x,x) < p(x,y), (non-negativity and small self-distance)
(pPM3) p(x,y) = p(¥,x), (Symmetry)

(pM4) p(x,z) < p(x,v) + p(y,z) — p(y,y), (triangular inequality)
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for all x,y,z in X. then (X, p) is called a partial metric space for short (P.M.S) It
is clearly that, every metric is a partial metric.

Definition 2.3 [7] Let X be a nonempty set, b = 1 be a given real number and let
p: X% > R™ be a self map such that for every x,y, z in X, the following conditions hold:
(pbM1) x = yifandonly if p(x,x) = p(x,¥) = p(¥,¥),
(pbM2) p(x,x) < p(x,y),
(pbM3) p(x,¥) = p(¥, %),
p(x,y) < blp(x,z) + p(z,y)] — p(z,2)
Then the pair (X, p) is called Partial b-Metric Space (Pb.M.S) for short.
Remark:[7]
In Partial b-metric Space (X, p), if x,y, € X and p(x,y) = 0, then x = y but the
converse may not be true.
we remark that every Partial b-Metric defines a b-Metric d, where d(x,y) =

2p(x,y) — p(x,x) —p(y,y) forallx,y,z € X.

Metric Spaces —) | Partial Metric Spaces

b-Metric Spaces | =) Partial b-Metric Spaces

Now we define the convergence of a sequence and Cauchy sequence in partial b-metric
space.

Definition 2.4 [7] Let (X, p)be Partial b-metric spaces, Let {x,}
be any sequence in X, and x € X. Then:
1. The {x,} sequence is said to be convergent and convergent to x, if
lim p(xp, x) = p(x, x)
n—->oo
2. The {x,} sequence is said to be Cauchy sequence in (X, p), if

lim p(xp, Xm)
n,m—oo
exists and is finite;
3. (X, p) is said to be a complete partial b-metric space if for every Cauchy
sequence {x,} in X, there exists x € X such that

lim p(xy, xm) = lim p(xp, x) = p(x, %),
n,m-— oo n—oo

Note that in a partial b-metric space the limit of convergent sequence may not be
unique[7].
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Example 2.5 Let X = R*, and p: X2 —» R be a self map defined by
p(x,y) = [max{x, y}]* + |x — y|*
forallx,y € X.

Then (X, p) is partial b-metric space with b = 2* > 1. but it is neither a b-metric
nor partial metric space. Indeed, for any x > 0 we have p(x, x) = xP # 0; therefore, p is
not a b-metric on X. Also for x =6, y =2, z=3 we have p(x,y) = 6* + 4* and
p(x,2)+p(z,y) —p(z,2) =6*+3*+3*+1*-=3*=6*+3* + 1*s0

p(x,y) > p(x,2) + p(z,y) — p(z z) for all b = 2*;therefore, p is not a partial
metric on X.

Definition 2.6 [8] Two self map f and g of a non empty set X are called weakly
compatible if they commute at coincidence points i.e,
fgz = gfzforevery z € X whenever, fz = gz

Definition 2.7 [8] Two self map f and g of a non empty set X are called weakly*
compatible if they commute at one of their coincidence points that is, if there exists a
point x € X such that fx = Tx then fTx = Tfx

at weakly* compatible maps are more general than the weakly compatible maps
for more details see,[8].

In (2014) Shukla [3] introduced the concept of partial b-metric space as a
generalization of partial metric and b-metric spaces and proved Banach contraction
principle in partial b-metric space.

3. Main Results

Theorem 3.1 Let (X, p) be a complete partial b-metric Space with b > 1 and
f:X — X be a self map satisfying the following condition:

p(fx, fy)) < AM(x,y),
where

M(x,y) = max{p(x,y), p(x, f2), p(, [3),5 [p (e, f¥) + p(y, f)]}.
and 1 € [0,5), %,y € X.
Then, f posses a unique fixed point u and p(u, u) = 0.

Proof. First we have to show that if fixed point of f exists then it is unique. Let
u, v € X be two distinct, fixed points of f, that is, fu = u # fv = v. It follow from (1)
that

p(u,v) = p(fu, fv) < Amax{p(u,v), p(u, fu), p(v, fv)é [p(w, fv) +
p(v, fw)l}

= Amax{p(u, v), p(u, ), p(v, v)é [p(w,v) + p(v,u)]}

= Amax{p(u, v),0,0, p(u, v)}

< 5P v) <p(uv),
a contradiction. Thus we have u = v.

Next, we have to show the existence of fixed point. Let x, € X be arbitrary, set
Xns1 = fx,.if x, = x4, fOrsomen € N, then x,, = fx, , x, is a fixed point of f.
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suppose, further, that x, # x,,, for all n € N, for the sake of convenience
assume that p,, = p(x,, Xn4+1). We claim that p,, < p,_;.
Pn = ,D(Xn, Xn+1) = p(fxn—lf fxn) < AM (xp—-1,Xp)
1S Amax{p(xn—lixn)'p(xn» fxn)'p(xn—lf fxn—l):
E [P(xn_1, fxn) + p(xn’ fxn—l)]}
1= Amax{p (x‘n—l' xn)» p(xn, xn+1)l p(xn—ll xn)'
> [0(Xn—1, Xn41) + P(Xns X))}
There is three cases
1. If
M (xp_1,%n) = p(Xn, Xn41)
then

P (Xny Xnp1) S Ap(Xn, Xpnp1) < P(Xny Xp1)
which is contradiction.
2. If
M(xn—lf xn) = p(xn—li xn)'
then
P(xn; xn+1) < Ap(xn—lixn) < p(xn—l'xn)

3. 1If

1
M(xn—lf xn) = 3 [P(xn_p xn+1) + p(xn, xn)]'
then

2
,D(Xn, xn+1) < 2 [p(xn—lr xn+1) + p(xnr xn)]
from partial b-metric triangular property

A A
E [p(xn—lr xn+1) + ,D(Xn, xn)] < Eb[p(xn—lr xn)
A A
+,D(Xn, xn+1)] - Ep(xn: xn) + Ep(xnr xn)
A
= Eb[pn—l + pn]

where 1 € [0, %), leta = %b, then p,, < a[p,_1 + pn], Where a € [O,i).

Therefore, p, < Bpn_1, Where f = ﬁ

Repeating this process, we have p, < B"p,
P (Xnt1,%n) < B p(x1, Xo).
for alln = 0 There fore limp,, = 0.
Now we will show that {x,} is a cauchy sequence.It follow from (1) that for
nmeNn<m
p(Xp, Xm) < b[p(xn: Xn+1) T P(Xn+1s xm)] — P(Xn+1, Xn+1)
= bp(xn: xn+1) + bz[p(xn+1'xn+2) + p(xn+2' xm)] - bp(xn+2: xn+2)
S_ bp(xnrxn+1) + bzp(xn+1'xn+2) + bgp(xn+2'xn+3)+- - +bm_np(xm—1'xm)
by using (2) we obtain
P (Xn, Xm) < BB p(x1,%0) + b* B p(x1, %)
+b3B"2p(xq, xo) +. .. +DT BT (xq, Xo)
< bB™1+DbB + (bB)* + (bB)*+...1p(x1, o)
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b n
= %P(xlf Xo)
since @ = 22,1 € [0,~) and § = —%Then we have
2 2b 1-a
lim p(x,,xy,) =0
n,m—-oo
Therefor {x, } is a Cauchy sequence in X. Since X is a complete metric space there exists
z € X such that
limp(x,,2z) = lim p(x,, x,) =p(z,2) =0
n—-oo n,m—-oo
we have to show z is a fixed point of f.
p(z,fz) < blp(z, xn+1) + p(Xn+1, f2)] = p(Xns1, Xn+1)
< b[p(z,xp41) + p(fXp, f2)]
< bp(2, Xp+1) + 2Amax{p(xXy, 2), p(%n, fX0), p(2, f 2),
5 [pCen, f2) + p(z, fx) ]}

< b[p(z, xp+1) + Abmax{p(xy, 2), p(Xn, Xn), P(2, 2),
5Plp(xn, f2) + p(2, X041}
by using (3) and letting n — co we obtain

p(z, fz) < Abmax{0,0, p(z, fZ)é [p(z, f2)]
p(z,fz) < Abp(z, fz)isimplies p(z, fz) < p(z, fz), a contradiction, so that z = fz.
so z is a unique fixed point of f.

Theorem 3.2 let f,T: X — X be a self maps on partial b-metric space (partial b-
metric Space) such that for every x,y in X and a € [0,%)
p(Tx,Ty) < aM(x,y)
Where,
1
M(x,y) = max{p(fx, fy), o(fx, Tx), p(fy, T¥), 5 [p(f x, Ty) + p(fy, T)]}.
If TX € fX and one of fX or TX is a complete subspace of X. Then f and T have a
coincident point. In addition f and T have a unique common fixed point u in X and
p(u,u) = 0, whenever f and T are weak™> compatible.

Proof. let x, be an arbitrary point in X. Since TX < fX, we can choose x; € X
such that fx; = Txy, fx, =Tx; and fx; = Tx,, continuing this process we have
fxpn41 =Tx,,n=>0

Now if fx, = fx,41, fOorsomen € N, then fx,, = fx,+1 = Tx,, T and f have a
coincidence point. Assume fx, # fx,+1 for every n € N, for the sake of convenience
assume

pn = P(fxn, [ Xn41)
we claim that p,, < p,,_1.
By using (5) we have
P(fxn, fXns1) = p(TxXn—1,TXn) < AM (X1, X5)
y(xn—lfxn) = max{p(fxn—lf fxn)' p(fxn—l' Txn—lf p(fxn; Txn)v
2 [p(fXn-1, Txy) + p(f X, Txn-1)]}
= max{p(fxn_l, fxn)' p(fxn—ll fxn)' p(fxn' fxn+1)'
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~[p(fXn1, f2ns1) + p(F X, F )]}
1= max{p(f Xn—1, fxn), p(f Xn, [ Xn11),
S Xn1, fXni1) + p(Fxn, fX3)]}-
There is three cases.
1. If

M (xn_1,%n) = p(f Xn_1, fXn),

then
P(fxn, fxni1) < Ap(fXn-1, fXn)
< p(xn—lfxn)-
2. If
M (xp—1,%n) = p(f Xn, fXn41),
then

| (s fxnsn) < P(F X, fXnsr)
IS contraction.
3. If

M (-1, %) = 5 [0(fXno1, [Xns1) + P( X, )]
then

P(fXn, fXn41) < % [o(fXn-1, fXn4+1) + p(f Xn, fXn)]

from partial b-metric triangular property we have
210 X1, fXnsr) + p(F X, f0)] <
%(b [p(fXn-1, fxn) + p(f 2, fXn41) = p(Fxn, f20)])
+2p(F o, 1)
< Zons + pul
where 1 € [0,55), then p,, < a[pp—y + py], Where € [0,5).
Therefore p,, < Bp,_1, Where g = —.

1-«a
Repeating this process, we have
Pn < BPo (6)
P(fxXns1, fXn) < B p(fx1, fxo) forall n > 0, therefore
limp, =0
n—oo

In view of theorem (3.1){fx,} is a cauchy sequence in fX. Since fX is a complete
(Pb.M.S), we have {fx,} is converge to some point u in X, that

limfx, =u

n—->oo

Also the subsequences {f xp )} and {f xm(k)}are convergent to u.
There exists z € X, such thatu = fz

p(fxnu) = _lim p(fxn, fxm) =p,u) =0 (7)
Now, we claim fz = Tz suppose, the contrary that p(Tz, fz) > 0.

Then,
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p(fz,Tz) < b[p(fz, Txn+1) + p(Txn11, TZ)] = p(TXp41, TXn41)

< b[p(fz,Txns1) + p(Txp41,T2)]
from (5) we have

p(Txp41,T2) < AM (xp41,2)

< Amax{p(fxn1, f2), p(fXnt1 TXnsr) p(f2,T2),
3 [P xni1,T2), p(f2, Txn11)]

< Amax{p(fxn+1' fZ)' p(fx‘n+1' fxn+2)' p(fZ' TZ)'

2 [0(f X1, T2, P(f2, f )]
Hence

p(fz,Tz) < b[p(fz, Txn+1)1+ bAmax{p(fxn+1, f2),
P Xns1s fXn12), p(f2,T2), 5 [P(f Xn11, T2), p(f 2, fXns2)]-
By using (5) and letting n — oo we obtain
p(fz,Tz) < bAmax{0,0, p(fz, TZ),%p(fZ, Tz)]
p(fz,Tz) < bAp(fz,Tz) < p(fz,Tz),
a contraction so fz = Tz = u and z is coincidence point of f and T. Now to show that f
and T have a common fixed point.
If f and T are weak* compatible then we have T(fz) = f(Tz) whenever
fz=Tz=u,thisyieldsthat Tu = fu =u
Hence u is a common fixed point of f and T
we claim that T and f have a unique common fixed point. Let u and v in X be two
distinct fixed points of f and T, then

p(w,v) = p(Tu, Tv) < aM(u,v)
<ap(u,v) <pu,v)
a contradiction. Hence p(u,v) = 0 and u = v.
Banach contraction principle in partial b-metric space.
Corollary 1 [3] Let (X, p) be a complete partial b-metric space with b > 1 and let
f:X — X be aself map such that
p(fx, fy) < ap(x,y),
for every x,y in X, where a € [0,1). Then f posses a unique fixed point v in X and
p(v,v) = 0.
Corollary 2 [7] Let (X, p) be a complete partial b-metric space with b > 1 and let
f:X — X be a self map such that

p(fx,fy) < alp(x, fy) + p(y, fx)]

for every x,y in X, where a € [0, %]. Then f posses a unique fixed point v in X and
p(v,v) = 0.

Corollary 3 [3] Let (X, p) be a complete partial b-metric space with b > 1 and let
f:X — X be a self map such that

p(fx, fy) < amax{p(x,y), p(x, fx), p(¥, f¥)}
for every x,y in X, where a € [0,1]. Then f posses a unique fixed point v in X and

p(v,v) = 0.
with b = 1 in theorem (3.1) we can get corollary in partial b-metric space.
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Corollary 4 Let (X, p) be a complete (P.M.S) and let f: X — X be a self map such
that

p(fx,fy) Sl a max{p(x,y), p(x, fx),p(y, fy),
> [o(x, fy) + p(y, fX)]}

for every x,y in X, where a € [0,1]. Then f posses a unique fixed pointin X .
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