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ARTICLE INFO ABSTRACT

Keywords In this paper, we define the polynomials V,,(a, b, c, f, x, ). In order to
Cauchy polynomials,  determine the generating function, Rogers’ formula, Mehler’s formula,
bivariate Rogers- and their extensions for polynomials V;,(a, b, c, f, x,y), we utilize the
Szeg6 polynomials, g-exponential operator T. Some results for the Cauchy polynomials
the generating P,(x,y) and the bivariate Rogers-Szeg6 polynomials h,(x,y|q) are
function, Rogers obtained by inserting special values into the identities of the
formula, Mehler’s polynomials V,(a, b, c, f, x,y).
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1. Introduction

In this paper we will use the standard notations for basic hypergeometric series given in [1],

we assume that |g| < 1.

Let a be a complex variable. The g-shifted factorial is defined by [1], [2]

1, if n=0,
n-1

(@ @)n = 1_[ (1—agh), if n=12,...
k=0

We define

@@= | (1-ag".
k=0

The following notation is used for the multiple g-shifted factorials:
(ay, a2, am; On = (a5 (a2 Qn - (Am; Dy n=012.. .
(a1,02,,8m; Do = (415 0(A2 Qoo ** (Am; ) co-

The generalized basic hypergeometric series is defined by [1].

aq, ..., Ay ) _

(a, - Qr; Qn [ (n) 1+s-r

rbs jqx | = Lo rgl)|
<b1r ey bs ) n=0 (q' bl’ "t bS' q)n

where r,s € N; aq, ...,a, € C; by, ...,bs € C\{q ™%,k € N} are assumed to be such that none of
the denominator factors evaluate to zero. This series converges absolutely for all x if r < Bs and

for x| <1lifr=s+1.

The case r = s + 1 is the most important class of series

a,,a 00
¢ ! S+1_ x| = (al;"',a5+1;q)n xn |x| <1
e o n=0 (CI; bl""fbs; q)n ’ .

bl""Jbs

For n, k € N, the g-binomial coefficient is defined by [1]
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( @dn
HE i(q: D (@ Dn-k

, if 0B < kB < n;

0, otherwise.

One of the most important identities is the Cauchy identity [1]

' @D, _ (@60
(@ Dn 5 @)oo

n=0

, x| < 1. (D

Euler found the following special case of Cauchy identity [1]:

Z GDn q)oo Il < 1. @)
oo q o
ZO - q)n = (=% Qoo 3)

Jackson’s transformation formula is [1]

a,b @z a,c/b
az;q)oco
2¢1< ZQ.Z) = L= 2¢2< G, bZ). |z| < 1. (4)

Z9
C c,az

The Cauchy polynomials are defined by [3], [4]:

Y _
P y) = 5 Dnx™ = (= y)(x = qy) - (e = q"7y), (5)
which have the generating function [5,6,7]:

S T Qo
,Zg () @G Dn Qo Ixt] < 1. (6)
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Mebhler’s formula for P, (x, y) is [6], [8]:

w
o Z
(XWt; Q)oo VA
B,(x,y)B,(z,w) iq,yzt |, |xzt] < 1. 7
z Y @on Gatg). | Y @
xwt
Rogers formula for P, (x, y) is [9]
[0e] (o] t
t" s™ Ot Qoo x
P, (x! ) = ,d,vVYSs |, 8
Z)mzo ) e @D Gs . Y ©

where max{|xs|, |xt|} < 1.

The bivariate Rogers-Szegd polynomials h,, (x, y|q) is defined as :

n

P yla) = ) [i] Pae ), ©

k=0

which have the generating function [4]

y t" 059w
h (X, | ) = , max |t|, |xt| < 1. 10
1;) " i (q; q)n (t, xt; q)oo { } ( )

Mehler’s Formula for h,, (x, y|q) is [4]

v
t_
t" (Yt vxt; q) o e
h h sq,ut |, 11
Z nC YD (0, 10) (e = o2 a,u (11)
yt, vxt
provided that max{|¢|, |xt|, |ut|, |luxt|} < 1.
Roger’s Formula for h,, (x, y|q) is [4]
Y, XS
t"ns™ (VS; Qoo
hrym(x, ¥1q) = ¢ sq.t ], 12
Zomz D D @ m - Gt 2 (12

provided that max{|s|, |xs|, |xt|, |t|} < 1.

The g- differential operator D, is defined by [10,11,12]

f() ~ f(xa)

X

Dqf (x) =

This article is an open access article distributed under 439

the terms and conditions of the Creative Commons Attribution-
NonCommercial 4.0 International (CC BY-NC 4.0 license)
(http://creativecommons.org/licenses/by-nc/4.0/).



http://creativecommons.org/licenses/by-nc/4.0/

R.H Jaber et al Bas ] Sci 41(3)436-455

The Leibniz rule for D, is [10]:

DI g} = ) [¢] " DEFIDE g Ceq ) (13)
k=0

The following results are easy to verify:

DE(Py(x,y)} = %Pn_m V. (14)
1 tk
D‘,; {(Xt; Q)oo} N (xt; q)oo. (15)

In 2016, inspired by the basic hypergeometric series ,¢,, Li and Tan [13] introduced the

a,b
generalized g-exponential operator T ( ; q,fDq> as follows:
c
a,b i
’ (a,b; )k
T|  5qfDg|=) ———=(fDy* (16)
c k=0 (q' C; q)k

The following is how this paper is organized: In Section 2, we’ll look at some identities for the

a,b
q-exponential operator ']1‘( ;q,fDq>. Section 3 presents the generating function and its
c
a,b
extension for the polynomials V,,(a, b, c, f, x,y) using the operator T ;q,fDq>. Section 4

Cc

establishes Mehler’s formula and its extension for the polynomials V,,(a, b, c, f, x, y). The operator

method to Rogers’ formula for polynomials V,(a, b, ¢, f, x, y) will be used in Section 5.

Identities for the g-Exponential Operator T .2

a b
In this section, we provide some identities for the operator 'ﬂ‘( i q, fDq).
C

a,b
Theorem 2.1 Let the operator 'ﬂ‘( 5 q, fDq> be defined as in (16), then we have

Cc
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o orm o)
c 791 Dq (x5, xt; Q) oo
1 ¢ () i (@b Diic 55 Q)i .,
= t)', max{|xs|,|xt|
G526 D) Lt @ D Ls @D @ (el el
<1 (17)
Proof.
T ob D !
<012 e
> (a,b; 1
_ Z (a, CI)kf D < }
£ (4,65 9k (xt, x5 Q) oo
) k
(a b; q)k Z k i(i—k) 1 k—i 1 .
= q D} {—}D ‘{—} by using (13))
; o L i Gt Gsqhn) Y Ume
%) k . .
_ (a b; q)k z [k] q‘(‘ k) (qls')k—l
£ (4,6 D’ o (¥t Ao (X595 @) o
(Fs)k (@b ivk (55D ryni
(xtxsq)ooz" 0 (g; Q)kzl O @Ok (@) ey

* Setting s = 0 in equation (17), we get

b 1y 1
T\ e fPe {(xt;q)oo}_(xt;q)oo

Cc

Theorem 2.2 Let the operator T (

o

a b

Cc

a, b
C
:q)oo} T
(5% Q) (5% P

a,b (ux
T( ;q:fDq>{Pn(x'Y)

Cc
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= a,b; 4 T ; .o u/s;q) i (sx;
( Q)J Z qk(k_]) j (CHOS Pn_k(x,y)sf_"( /85:Q) j—k(SX; Q) Isx|
— @ q)] K4 Dn-k (ux; q)

< 1. (19)

Proof.

T(a'b: Q»fDq> (PuC ) Bn) _ yin | OO0 i ) Q)

(5%:@) 00 G (5%:0) 00
c

o (@b (a,b;q); 1 i ((Uxq"; @)oo
= 2, QoD fJZ;) [ gk J)Dl{p (x, y)}DJ {(quk;q)w}

(u/s; Q) j-(uxq’;

 (@,b;q);
(sx9%; @) o

= (@cq);

Bc] D (@ Dn

i—k
(4 Dn-x s’

M&.

n—k(x'y

f!

k=0

(by using (13))

XD yroo  @DDj cjij  [J ], kk—-j) _(@GDn_ P,_ j—k W/5:8) k(%0
P 5x:0)e0 210 (q,C:q)jf Lk=o k]q (@Dn-k k(x,Y)s (ux;q) )

Not that, setting u = 0 in (19), we have the following corollary:

Corollary 2.2.1

a,b P.(x,y) 1
T ( ;4 fDq> {(xs; q)oo} (5 Deo

c

- (@, b; (ab;q); ] X (@D | 3
0D Pl B s

<1 (20)
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3. Generating Function and its Extension for V,,(a, b,c, f,x,y; qQ)

The present section is concerned with the definition of polynomials V,,(a, b, c, f, x,y; q).

The generating function and its extension for the polynomials V,,(a, b, ¢, f, x, y; q) obtained by

a,b
utilizing the operator T ( ; q,fDq>.
c

We define the polynomials V,,(a, b, c, f, x, y; q) as follows:

> (@b )
Vu(a,b,c,f,%,y;q) = ; [l " P e ) 21)

* When f = 0 in equation (21), we get Cauchy polynomials P, (x, y).
eIfa=b=c=0and f =1 inequation (21), we obtain the bivariate Rogers-Szeg6

polynomials h, (x, y|q).

a,b

Theorem 3.1 Let the operator '11“( ;q,fDq> be defined as in (16). Then

Cc

a,b
T( ;CIffDq>{Pn(x:y)}

C
=W(ab,c f,x,y;9). (22)

Proof.

@.cDrk

a,b
T (c ., fDq> (P (6, )} = Ti2o 22Dk ek pK(P, (x, )}

- (a,b; D i (G Dn

— (4, ¢; q)k (& Dn—rk

Z n (@5 q)kfkpn—k(x'}’)
=0

Py_k(x,y) (by using (14))

(¢ D

=V, (a,b,c,.f,x,y;9)-
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Theorem 3.2 (Generating function for V,,(a, b, ¢, f, x, y; q@)). Let the polynomials

be defined as in (21). ThenV,,(a, b,c, f,x,y; q)

SENCCT )P (“'b
1

= iq, ft], |xt] < 1.
(@G Dn Qo qf)

Z V.(a,b,c.f,x,¥;q)

n=0 c
Proof.
iVn(a;b'C,f'x,y:q) - =T alb:ﬂl»fD ‘i P.(x, ) i
n=0 CH c I =0 (@ Dn
ab
’ (Yt @) oo .
=T :q, fD b 6
(c af q> o] (b using (6)
a,b 1
= 0s0.T( e lee o)

a,b
5 YEDeo 2¢1< ;q,ft>. (by using (18))

(xt;q) 0
Cc

(23)

» When f = 0 in equation (23), we recover the generating function for the Cauchy polynomials

B, (x,y) (equation (6)).

*Ifa=b=c=0and f =1 inequation (23), we have the generating function of the bivariate

Rogers-Szeg0 polynomials h,, (x, y|q) (equation (10)).

Theorem 3.3 (Extension of the generating function for V,,(a, b, c, f, x,y; q)). Let

be defined as in (21), then V,,(a, b, c, f,x,y; q)

t" @Mt de
(@Dn G Qo

Z Vasm(a, b, ¢, f,x,9;q)
n=0
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o j
@hi@); )N ] e L Dm N e
X < (4,6 9); sz [k] q @ Dmr P (2, Y) (xs; @)t/ 7%, |xt| < 1. (24)

k=0

Proof.

n

th a,b o t
Z Vn+m(abcfxy'Q)( q) T( ;CI:fDq>{Z Pn+m(x:y)W}
n (o n=0 T

a,b th
=1r< ;q,fDq){m(xy)ZP( v q)n}

c

— (™t @)oo T vt D {M} (by using (6))
=@YEDRT( 5Dy |y Oy wing

@™yt yoo  (@D3D)) k(k—j) _(@:Dm ) j—k
T Gt 2170 (@.c:a); f T ]q @amg oY) @it

« Setting m = 0 in equation (24), we get the generating function for the polynomials

h(a,b,c f,x,v;q).

* When f = 0 in equation (24), we get an extended generating function for the Cauchy

polynomials B, (x, y)

N t" @Mt Qe
D Prom(®8)) 5= =SSP B (), ] < 1 (25)

n=0

Ifa=b=c=0and f =1 inequation (26), we obtain an extended generating function for the

bivariate Rogers-Szeg06 polynomials h, (x, y|q).

t" Q"5 Qoo
hn+m(x: qu) (q q) - (xt q)
) n ) [0e]

n=0
SEEER (40
J ] gte-p 292 Dm_ N ek
XZ Z P (x, xt; t x| < 1. 26
= (6D, & [k]q @ Dy Tk GO IO @ |xt] (26)
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4. Mehler’s formula and its Extension for V,,(a, b, c, f,x,y; q)

a,b
In this section, the operator T ( ;q f Dq> is used to construct Mehler’s formula and its

c
extension for the polynomials V,,(a, b, c, f, x, y; q).

Theorem 4.1 (Mehler’s formula for V,,(a, b, c, f,x,y; q)). Let V,,(a, b, c, f, x,y; q) be defined as
in (21), then

tn

Va(ay, by, ¢y, f1, 2,5 @Va(ay, by, €5, 2,2, W5 q) (@ Q)
) n

NgE

n=0

_ Wtx; @) oo (az, bz; @)
@5 0 L~ (5D

(f2t)* G/ W12 @ yigz) (yth")lzz GV

= CHA) (C1»Q)]+l

q ; @'w/z; q);(ztx; q),
@GOG D@ D BN T

)

provided that |ztx| < 1.

Proof.
*® n
D Valas by €, fu % Y @)Va(az, ba, €2, o2, Wi 0) s
v 0 Dn
© a,, by ¢
=z T ;q'fDq {Pn(x'y)}VTl(aZ'bZ'CZ!fZ'Z'W;q)( R )
g o q;9)n
a1, by C - (az b n
v ba; @ t
=T :q,fD ZP x, Z 22 Uk ekp L (z,w
c Foq {— n(e) - [k (c2; D ekl )(FQ)n
1 n=0 k=0

n

(@ Dn

a1, by SR @ Dn  (a2b2 @)
-\ waqu) {zzpn(x'y)(mq)k(q;q)n_k (€ P fo Prizw)
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a1, bl o (o8]
- T<, 0,10, {ZZPn+k< DD (0 (w)

(q,¢2; Dy

,Qf1

(xzt; @) o

( 2 b2; Dk (xwt; ) oo
Z P ) S () s 1¢1(

al'bl

z P (x, ( az ba; @ (ftz)k (wt; @)oo

4 /1Dq (Q:CZ'Q)k

. (<28 e
(/7 9);

Wna () i
. gty D OAD)

_ N (az, by; @k K ( /7 q); () i
e P Ly @, V90D
a., b .
Ve (@"xwt; @) o
e e )
N\ (@2,b5) o (W7 ) (@'wtx: @)

ok S W2 Dt 13106y zeqry

ot (ztx; Q) oo

: (4, c2 Dk CHOY

8

al!bl o (o)
( 2 21 q)k
L £iD ) ;P e (fzt)";) Pa(x, ) Po (2, W)

(q; q)n}

AN (az, ba; O t"
Z D PLCn B ) () Bl w) q)n}

tn
(@ Dn

w/z
;q,quzt)}
xwt

(by using (7))

= (q,cl.q)] o A CH I
W e @b D, N B ()
@ a s Cne 0 L ey, D0
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(a1by@); [ 1 (@'w/z;0) j-1(ztxiq);
_(x, V) (zt)
(c1:0); e F =0 (@GDUGD j—1(GDre—1 Pr-1(x,y)(#0) WEX3Q) i

X Yzo

- (W/zq);
(q;9);

_ (Wtx; q) o (az, by Qe

= 1)1 (yztqhy
(2 Qe &b (€25 D (—-D'q\? (yztq")

()"

i=0

% i i (a1, b1;9) w1 ]+1 g (q'w/z; q)j(ztx; q),

P J
2oLy g ' @@ D@ e O T i

* When f; = f, = 0 in equation (27), we get Mehler’s formula for the Cauchy
polynomials

P, (x,y) (equation (7))

Theorem 4.2 (Extension for Mehler’s formula for V,,(a, b, ¢, d, f, x,y; q)). For |xzt| < 1, we
have

n

Z Viam(ayq, by, ¢4, f1, %,V @V (ayz, by, €2, 12,2, W5 q)

n=0

CHN

Wt Qoo O (@2, b2; Qe (0 Ww/z;q); (_1)jq(£)(qm+kyzt)jz Mﬁ”

(xzt; @)oo £ (4, €25 i = (@) L £ (€13 @i

q (@ Dk ) (a'w/z; @) (xzt; i

@D D1 @ Dt " e D ey 28

Proof.

® n

z Vn+m(a1' blf C1 fll X, ¥, Q)Vn(az, b2' C2, foZ' w; q) .,

- (@ Dn

n=0
© aq, by ¢n
Z T 30ADg | Prom (e YIWalaz bo o for 2w @) s

=0 v
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© al,bl n . n
ny(az ba; @)
= T :q,f1D, |{P X, z — = 2 kP, (zw
2 S B3 ), [t P w) -
had had alrbl (a b'
2, Y2 q)k k
T :q, f1D P X, P,_.(z,w)t"
2.2, ( @ IiDq | P Y s Deer ) 2 B W)
k=0 n=k C1
© 2 ay, by (ay, by;
’ ;q)k k k
=D DT AP | Prsem ) o e (7, W)
= ( ¢ (@ Die(@ Dnc2; Di
© 2 ay, by (ay, by; n
) ;Q)k
=D 2Tl AL | Pren oy S (0 Pl W) s
k=0 n=0 C1 q’ qu k q;q n
2 ay, by (ay, by; n
v bas @)k
DTl 0 ADs | Pk P g™ T () P W) s
k=0 n=0 €1 4,¢2: )k 4 Dn
00 a1:b1 (a b, > n
) rq)k t
=D T @D || P ) T (0 N B G g )Rz w) —
=0 c (4, c2; D ~ (@ Dn
= 1 n=0
® b w/z
T fo (wt; @)oo
= %(fzt)k'ﬂ' 34, f1Dq Pm+k(x,)’)m 191 ;q,yztq™te
= @2 D o3} P e xwt
o (@2, by 9
= %(fzt)k
%=0 q4,C2,q)k
allbl (.XWt had . . j
Do (W/759); ()
X T :q,fiD, |{P X, —qMkyzt) g\2
@b @i, N W/ER, oy [
=) ———(fzt) ———(—q™" " yzt)) q\2 T 54 f1Dq |3 Pmei (%, y)
£ (4,62 Qx - (q;9); c
= j=0 1
2. (a . b,; (W 7:q); (N (@PWtx; @)
:Z (ay 2 Q)k(fzt)k ( /_ q); (—qm+kyzt)1q(z) (q w_ q)
£ (4,62 Qx — (@) (x2t; Q) oo
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(@'w/z; @)1y (xzt; q);

(ap by; Q)lfl Z [ ii-1 D Dm+k (@ Dm+k

_i(x, y)(zt) -
(q, C1; 9 (@ Dm+k—i Prsi-i 06 y)(20) (g'wtx; q),

RCETIPRN (az by i >"Z g w/na),

J
— _ ,m+k t j (2)
Oz Do k=0 (q,¢2; Dk wtx; Q)J G

o l c .
N @b a) q't=h (4 Dm+k

(q'w/z; q)1_i(xzt; q);

Ppyie—i(, y) (2t)'

S (5@ & (@D D (@ Dok Wtx; @14 j
Wtx; D N @2 b2 i, N W/ED) () e

= ~ 1T 1) j
(xzt; Q)0 &4 (q, €23 Dic V20 = (@a); CLa=@

AN b1 Qi Ly —il s Dm+ j i
Xzz(a Divi 00 4 (4 Dm+x - i(xy)(zt)l(q w/z; q)(xzt; q)

Sl (5D (@GOG DG Dt WEX; @)14i4

* Setting m = 0 in equation (28), we get Mehler’s formula for the polynomials

V.(a,b,c, f,x,v;q).
* When f; = f, = 0 in equation (28), we get an extension for Mehler’s formula for the

Cauchy polynomials P, (x, y).

C tn £ Q)en w/z
Z Prym(x,y) B (2, W) = M b1 <
n=0

—— = P,(x,y) ;q,qMyzt |, |xzt] < 1.
CHA (xzt; @)oo

xwt
elfa,=b;=c;=a,=b,=c,=0and f; = f, = 1 in equation (28), we obtain an

extension for Mehler’s formula for bivariate Rogers-Szeg0d polynomials h, (x, y|q).

S50 e (5, ) (2, W) =

— (th; q)oo (W/ CI)] j (]2) ek ;
(xzt; q)ooz (q; Q)k £ (@ Q); ——— (=1)/q*2/(q™" " yzt)
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) - (@ Dms ! (9'w/z; q),(xzt; q);
XZ Z (@ q)z(q Di (T Dk Fnie-i(6,y) (2) WO Qv |xzt] < 1.

i=

=
5. Rogers formula for V,,(a,b,c, f,x,y; q)

a,b
In this section, the operator T ( 5, fDq> is used to construct the Rogers formula for

c

polynomials V,,(a, b, c, f,x,v; q).

Theorem 5.1 (Rogers Formula for V,,(a, b, c,d, f,x,y; q@)). Let V,(a, b, c,d, f, x,y; q) be defined
as in (21), then

n Sm

[oe) [oe) t
z Z Vusm(@,b,c.d, 1, %,y:) (@ Dn (@ 9)
) n ) m

n=0 m=0

0 Qoo z( 1qB) (xts g, (vs) & (fs)ki(a.b:qx%(xs;q)i
(q,

= j t i'
Ges, x5 ) oD, L @il @ome @ 10
provided that max{|xs|, |xt|} < 1.
Proof.
co (o] n Sm
Vasm(a, b,c, f,x,y;
Z Z e J ) @ D
n=0 m=0
® *© a,b th s™m
= 'H‘ ,4a, D {P X, }
;;0 (C v/ q) wem Y D (@ D
a,b o ® th sm
=T » q, D Z z P X,
<C / "){nzo P G ) G D @ m
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a,b . xt
=T< ;%f%){w ¢>1< ;q.ys>} (by using (8))

: 1
c (x5, xt; @) o yt

a,b © .
_ . (V6 Qoo Gty (),
_T< @ D") Gos. 6 )0 g Caytiay; D O

- _1,-(’2') j (ab 1
- oy, SOy () )

= (@y59); c (xs,xtq’; @) o
IR Cq@desy 1 D ) o (@b i G
T4 @yt (s De & (GO @D (GO

( by using (17))

o)

(] . o ©
VDo Z<_1yq(z>(xt;q),.(ysy (fs)kz(a.b;q)m(xs;q)i

(x5 @) &y (4. yt: ), L (G Des (G D (@)

(@’ft)"

i=0

* When f = 0 in equation (31), we get Rogers’ formula for the Cauchy polynomials B, (x, y)

(equation (8)).

Ifa=b=c=0and f =1 inequation (31), we obtain Rogers formula for bivariate
Rogers-Szeg0 polynomials h, (x, y|q) (equation (12)).

Proof. Lettinga = b = ¢ = 0 and f = 1 in equation (31), we get

n m

PPN R ) w7

n=0 m=0
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- (5,x5,xt; Q) o

- (5,x8,xt; Q) oo
= (5,28, %t; Q)0 (t;9) oo ~ (q,yt,xst; q);
- (5,x8,xt; Q) (t;qQ) oo

T (5, %556 D (G Do (KLS; @)oo

xt
5D Y
= 2$1 g, S |-
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Ot Do (- 1)1 (Xt Q) (ys) ( XS5 Qi .
z (q.yt;9); z (@ D= (@) (@0

OVt @)oo z (- 1)1 (Xt D ;) O (x5 9);i @D (by using (2)

(q.yt;9); i (4; 9

(by using (1))

Ot Qoo Z( 1)’ (xt 0);(ys) (¢/xst; @)
(4, Yt 9); (@'t Do

Ot Do (X9 oo (t,xt; q);

-1)q3) ys)

t,xt
V6 Do (XLS; Qoo _
2¢2 ) ql yS
yt, sxt

UL Do (Xt (S5Q oo

xt,y
2¢1< ;q,s) (by using (4))
yt

(t,xs,xt;q) o yt

Exchanging s with t, we get the required result.

|
6. Conclusions

The Cauchy polynomials P, (x,y) and the bivariate Rogers-Szegd polynomials h,(x,y|q) are
special cases of the polynomials V,,(a, b, ¢, f, x, y; q). Furthermore, the polynomials identities for

V.(a,b,c, f,x,v;q) are an extension of the polynomials identities for B, (x, y) and h,(x, y|q).
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